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Abstract

The goal of this thesis is the extension of a construction of a supercharacter theory
(first established for finite groups) to the context of infinite countable discrete groups,
namely, for amenable countable discrete algebra groups. By an algebra group we mean
a group of the form G = 1 4+ A where A is an associative nil algebra over a field K, which
generalize the group U,(K) consisting of all unipotent uppertriangular n x n-matrices
over K.

We may think about a supercharacter theory for a finite group as an approximation of
the usual irreducible character theory, and it as been proved to provide a rich alternative
to deal with the group representation theory. The success of supercharacter theories for
finite groups motivates its generalization to infinite countable discrete groups, since there
is a well defined character theory for these groups.

We develop a standard supercharacter theory that simultaneously extends the stan-
dard finite supercharacter theory, and allows us to deal with different types of algebra
groups (depending on the the characteristic of K and on the K-dimension of A) for which
“typical” approaches do not work.

Our supercharacter theory translates into an ergodic framework, where supercharac-
ters are defined by certain ergodic measures on the Pontryagin dual group of the abelian
additive group A™. This identification makes possible to present, not only integral ex-
pressions (over orbital closures) for supercharacter values, but also canonical unitary rep-
resentations affording supercharacters.

We pay special attention to algebra groups realized as direct limits of finite alge-
bra groups, which are locally nilpotent groups. For these groups, there is an innermost
relationship with the finite standard supercharacter theory. Furthermore, our superchar-
acter theory establishes a link between the usual methods used when dealing either with
nilpotent discrete groups or direct limits of finite groups. This is exemplified with the
two infinite unitriangular groups of positive characteristic: the unitriangular group U, ()
over an algebraic closed field of prime characteristic, and the locally finite unitriangular
group U..(IF,) over a finite field.

Keywords: Unitary representation theory, discrete algebra group, positive definite func-
tion, character, supercharacter theory.

2010 AMS classification:Primary: 22D10, 43A35, 22D40; Secondary:43A15, 43A05.






Resumo

Esta tese pretende ndo s6 estender uma construgdo particular de uma teoria de super-
caracteres (definida originalmente para grupos finitos) para grupos discretos contaveis,
nomeadamente, para grupos dlgebra discretos, contdveis e medidveis. Grupos algebra
sdo grupos da forma G = 1+ A, onde A € uma algebra nil sobre um corpo K, e podem
ser entendidos como uma generalizac¢do do grupo U, (K) das matrizes n X n triangulares
superiores e unipotentes sobre K.

Em geral, para um grupo discreto contdvel, o esquema tradicional da classificacao
de classes de equivaléncia de representacdes unitdrias por meio da classificacdo das
classes das representacdes irredutiveis nao € possivel. Tal deve-se a existéncia de rep-
resentacoes do tipo I e 11, cuja decomposi¢do (a menos de equivaléncia) em repre-
sentacoes irredutiveis ndo € unica. Deste modo, a classificacio € tipicamente feita via
quasi-equivaléncia e, neste contexto, os caracteres classificam representagdes do tipo / e
I1. De certo modo, a teoria de caracteres generaliza a teoria de caracteres para grupos
finitos onde caracteres indecomponiveis substituem os caracteres irredutiveis.

Para um grupo finito, uma teoria de supercaracteres visa ser uma aproximagdo da
teoria de caracteres, ja tendo sido provado serem uma alternativa vidvel para o estudo das
suas representacoes, quando a tabela de caracteres irredutiveis ndo é conhecida. Este facto
motiva, assim, a extensao da no¢do de uma teoria de supercaracteres a grupos topolégicos
discretos contdveis.

Para a constru¢do da teoria standard de supercaracteres para um grupo dlgebra (amene-
javel, contdvel e discreto) G = 1 + A, adoptamos um ponto de vista essencialmente
ergdédico. O grupo G = G x G actua em A por multiplicacdo a esquerda e a direita,
induzindo uma acc¢d@o no grupo dual de Pontryagin A° para a qual as respectivas medi-
das ergddicas determinam os supercaracteres. A ligacao entre supercaracteres e medidas
G-ergodicas em A° permite, ndo s, obter uma expressao integral (sobre fechos orbitais)
para os valores dos supercaracteres, mas também, definir, de um modo canénico, repre-
sentacOes unitdrias que determinam supercaracteres.

Deste modo, a teoria standard de supercracteres possibilita o estudo da teoria da rep-
resentacdo de diferentes tipos de grupos dlgebra G = 1 + A (dependendo da caracteristica
de K e da K-dimensao de A) para os quais os médodos “tipicos” sdo dificeis (se ndo,

impossiveis) de aplicar.



Damos especial aten¢do a grupos dlgebra obtidos como limite directo de grupos al-
gebra finitos. Neste caso, a teoria de supercaracteres standard estd intimamente ligada as
teorias de supercaracteres standard dos grupos finitos envolvidos; de facto, cada super-
caricter do grupo considerado pode ser aproximado por uma sequéncia de supercaracteres
dos grupos finitos correspondentes.

Limites directos de grupos dlgebra finitos s@o localmente nilpotentes e a teoria de su-
percaracteres standard generaliza, simultaneamente, as abordagens usuais no estudo da
teoria da representacdo de grupos nilpotentes discretos e de limites directos de grupos
finitos. Tal é exemplificado com os dois tipos de grupos unitriangulares infinitos de car-
acteristica prima: o grupo unitriangular U, (F) sobre um corpo algebricamente fechado
de caracteristica prima, e o grupo unitriangular localmente finito U.(IF,;) sobre um corpo
finito.

Palavras-chave: Teoria de representacdes unitarias, grupo dlgebra, funcdo definida pos-

itiva, cardcter, teoria de supercaracteres.
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Chapter 1

Introduction

This thesis is concerned with the unitary representation theory of infinite amenable countable
discrete algebra groups. An algebra group over a field K is a group of the form G = 1 +A,

where A is an associative nil K-algebra, and the multiplication is defined as
(1+a)(1+b)=1+a+b+ab a,b € A.

The most prominent examples, and main prototypes, of algebra groups are the unitriangular

groups over K:

* the unitriangular group of degree n, U,(K) = 1, + u,(K), where u, (K) is the K-algebra
consisting of all n x n strictly upper triangular matrices over K and 1, stands for the n x n

identity matrix;

* the unitriangular group of locally finite degree, U (K) = 1 + e (K), where u.(K) de-
notes the subalgebra of all infinite strictly upper triangular matrices over K consisting of
all matrices having only a finite number of non-zero entries, and where 1 is the infinite

identity matrix;

The representation theoretical object of our main focus are characters (which are defined as
positive definite complex functions on the group, constant on the conjugacy classes, and whose
value at the identity is 1) as they serve as analogues of the usual trace of finite dimensional
representations of compact groups. Moreover, the study of characters is motivated by the fact
that, for infinite discrete group, the usual scheme of classification of unitary representations via
the classification of irreducible representations no longer holds. In following paragraphs, we

clarify what we mean by this.



Chapter 1. Introduction

Let G be an arbitrary topological group (that we assume to be locally compact, Hausdorff
and second countable) and let (7,.7) be a unitary representation of G. The von Neumman
algebra W generated by the unitary operators {7(g): g € G} admits a unique decomposition
W = W; & Wy & Wygp in which Wy, Wy and Wy are (possibly trivial) von Neumman alge-
bras of types I, I and I11, respectively (for all details, we refer to [16, Proposition II1.1.4.7]).
Such a decomposition translates into a decomposition of 7 as a direct sum of representations
7y 7wy @ myyp; if T ocoincides with either 77, 7y or 7y, the representation is said to be type
I, II or I11, respectively, and the group G is said to be tame if all of its representations are
type I, and wild otherwise. Any representation admits a decomposition as a direct integral
of irreducible representations and, for representations of type /, this decomposition is unique
(up to equivalence of representations); however, this is not the case in types II or I1I (see for
example [38,71]).

As shown by Thoma in [89], infinite countable discrete groups are usually wild: a countable
discrete group is tame if and only if it has an abelian subgroup of finite index. For this reason,
it is customary to classify representations up to quasi-equivalence, where two representations
are quasi-equivalent if and only if the corresponding von Neumman algebras are isomorphic; in
this case a suitable decomposition theory can be obtained (for more details we refer to [38] and
references therein). Thus, the classification of quasi-equivalence classes is a central problem in
representation theory.

Representations of type I and /I can be (essentially) classified, up to quasi-equivalence, by
means of characters which turns them quasi-invariant objects. The set of characters, denoted
by Char(G), forms a convex set; we denote by Ex(G) the set of its indecomposable (or ex-
treme) elements, that is, characters that cannot be decomposed as a non-trivial linear convex
combination of two characters. In the case where G is discrete, the set Char(G) is a a Choquet’s
simplex when equipped with the pointwise-convergence topology (another result due to Thoma
; see [88]), which means that, for every character ¢ € Char(G), there is a unique probability

measure L, called the Choquet measure of @, on Ex(G) such that

o0)= [, E@dwE),  gea

In this fashion, the set Ex(G) can be understood as a quasi-dual object (for type I and I1 repre-
sentations). We notice that, sometimes, the set of primitive ideals of the C*-group algebra of G
is considered as an alternative for a quasi-dual object; more details can be checked in [35].

In the case where G is a finite group (or more generally, a compact group), a character
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is simply the normalized trace of a finite dimensional representation, and an indecomposable
character is the normalized trace of an irreducible representation. For this reason, the character
theory of infinite discrete groups can be understood as an extension of the classical character

theory of finite groups.

The set of indecomposable characters has been characterized for some concrete examples
of discrete groups, mostly belonging to two classes: direct limits of finite groups [36, 46, 49,
50, 93], and groups arising from discrete finitely dimensional nilpotent Lie algebras of zero
characteristic [31, 52, 54, 86]. In the first case, the theory relies heavily on the knowledge of
the character theory of the finite groups that form the direct limit; in fact, the so-called Kerov-
Vershik ergodic method describes characters as pointwise limits of sequences of characters of
the corresponding finite groups (we refer to [25, 90, 93] for more details on the subject). In
the second case, the theory is usually carried out via an adaption of Kirillov’s orbit method
(Kirillov’s original work is concerned with nilpotent real Lie groups [63,66]) which describes

characters in terms of coadjoint orbits on the dual space of the Lie algebra.

The class of discrete algebra groups includes both direct limits of finite groups, such as
Uw(F,) (here, IF, denotes a finite field with g elements), and nilpotent groups, such as U,(K)
(for any arbitrary countable discrete field); however, the class is much bigger, having groups
that are none of the above: U (Q) is maybe the most blatant example. Consequently, one needs
a suitable approach encompassing a broader family of countable discrete algebra groups that

should, at least, include all countable discrete untriangular groups.

On the other hand, the set Ex(G) may be too large, or too difficult to describe, even if G
is finite; in fact, the unitriangular group U,(F,) over a finite field is an example of such phe-
nomenon (we refer to [47] where it is explained the difficulties in the classification of conjugacy
classes of Uy,(FF,)). For this reason, it is of interest to consider a smaller and more manageable
class of characters, which however should be rich enough to provide a viable way to deal with

representation theoretical problems.

To address this questions, in the case of finite groups, Diaconis and Isaacs in [33] introduced
the concept of a supercharacter theory! as an approximation of the usual irreducible character
theory. A supercharacter theory of a finite group G is a pair (J#,&’) in which ¢ is a partition

of G, and & is a set of characters satisfying the following conditions:

"The terms supercharacter and super-representation often appear in the context of Lie superalgebras; however, we should

mention that these are different and unrelated objects.



Chapter 1. Introduction

s [ =&,
* every character ¥ € & takes a constant value on each member K € %, and
* each irreducible character is a constituent of one of the characters y € &.

We refer to the members of #~ as superclasses and to the characters in & as supercharacters
of G. The main idea is that the relationship between the set C1(G) of conjugacy classes of G
and the set Irr(G) of irreducible characters should be mimicked by ~# and &. In particular,
given an arbitrary supercharacter theory, superclasses are always union of conjugacy classes,
supercharacters are mutually orthogonal, and the regular character is decomposed uniquely as
an non negative integer linear combination of all supercharacters.

Furthermore, [33] provides the construction of a particular supercharacter theory for finite
algebra groups, usually called the standard supercharacter theory; in Diaconis and Isaacs own
words, it “is a cruder version of the Kirillov orbit method”, since in general (a version of)
Kirillov’s theory, presented in [65], does not provide all irreducible characters.

By now there is a quite extensive bibliography regarding supercharacter theories of finite
groups (more on this can be found in the next section), and some connection with other areas
of mathematics have been established, namely, with combinatorics [1, 11, 14] (to name a few
examples), random walks on finite groups [13], and number theory [28,41,42]. Moreover, the
finite unitriangular group U, (F,) may be equipped with an “almost-standard” supercharacter
theory (which is simply a coarsening of the standard supercharacter theory) in a way that turns
it compatible with the supercharacter theory for U,_1 (IF,); using this relationship, in [8], André,
Gomes and the author were able to define and characterize a supercharacter theory of the locally
finite unitriangular group U (F,) (we note that, however, no formal definition of supercharacter

theory was given there).

The aim of this work it to extend the cosntruction of [33] to infinite countable discrete
algebra groups. However, the class of all countable discrete groups is still too large to fully
generalize the standard supercharacter theory given in [33]. For this reason, we must add the
additional hypothesis of amenability. Amenable groups enjoy nice properties (for the general
theory of amenable groups we refer to [80]), and amenability is very often assumed in the con-
text of dynamical systems induced by group actions (see [44,95] for more details). A discrete

amenable group is a group that "is not too big" in the sense that it admits a Fglner sequence: a

4



Fglner sequence for a group G is a family {F, },cn of finite subsets such that, for every g € G,

F,A(gF,

oo |F|

=0,

where A denotes the symmetric difference of sets. The class of amenable countable discrete
groups contains the finite, nilpotent and locally nilpotent algebra groups, and hence any unitri-
angular group is an amenable algebra group.

The construction of the supercharacter theory for amenable countable amenable discrete
groups presented here is based on the construction given in [33], and can be understood as a
generalization of this: its main properties have direct analogues in the finite group scenario.
For this reason, we call it the standard supercharacter theory (for amenable discrete countable
algebra groups).

Besides providing a general framework for the character theory analysis of a family of
different algebra groups (depending on the base field K or on the K-dimension of A), as far as
we know, this work is the first general incursion on supercharacter theories of infinite discrete
groups, and it extends both the character theory of discrete groups and supercharacter theory
of finite groups. On the other hand, our construction, albeit being based on [33], presents an
essential change of paradigm: our point of view is ergodic in its nature, which we believe could
be fruitful in other scenarios since it allows great generality. We next briefly summarize our
method.

Given an arbitrary (either finite, or infinite) amenable countable discrete algebra group G =
14+ A, the algebra A serves as a Lie algebra for G and the map ¥ : A — G, defined by the
mapping a — 1 +a, is a surrogate of the classical exponential map (notice that the exponential
map may not be defined in positive characteristic). We consider the direct product G = G x G
acting on the left of A:

kK-a = gah, k=(g,h) €G, acA.

Then, the superclass containing 1 + a, for a € A, is defined to be the subset 1 + G-a of G
(in the finite group case, these are precisely the standard superclasses appearing in [33]); a
bounded function constant on superclasses is called a superclass function, and a character which
is constant on the superclasses is called a superclass character. The G-action on A induces the
contragradient action on A°; throughout the thesis, A° denotes the set consisting of all characters
of the abelian additive group A™ (notice that A° is a compact space when equipped with the

ointwise convergence topology). The G-invariant finite complex measures on A° are in one-
p g pology p

5



Chapter 1. Introduction

to-one correspondence with the superclass functions according to the rule

0le)= [ Me-1du2). g

This correspondence between superclass functions and G-invariant measures induces an affine
homeomorphism between superclass characters (with the pointwise-convergence topology) and
G-invariant probability measures (with the weak*-convergence topology); in this way, the in-
decomposable superclass characters of G are in one-to-one correspondence with the indecom-
posable G-invariant measures, which are the G-ergodic measures on A°.

For every A € A°, let 6% denote the closure of the orbit G-A. The assumption of G being
amenable allows us to conclude that every G-ergodic measure is supported on a single orbit
closure, and that every orbit closure supports a unique G-ergodic measure. If @; denotes the
unique ergodic measure supported on O*, then the corresponding supercharacter, which we
denote by xx, admits an expression analogous to the usual Kirillov character formula (see [66]

for the case of Lie groups and [31] for rational discrete nilpotent groups):

o= [ Ve-Ddo G

furthermore, when G is finite, this formula coincides with the normalized version of the super-
character formula given in [33].

In terms of representations, for every G-ergodic measure @; on A°, there exists a cyclic
representation (.7*,L>(A°, @, )) which affords the supercharacter x*, and this gives us an ex-
plicit representation theoretical model of the supercharacters. In this sense, the description of
G-ergodic measures (and the corresponding orbit closures) yield a complete characterization of
the supercharacter theory.

The main obstruction is that G-ergodic measures might be difficult to understand. How-
ever, in the case where the group G is approximately finite (that is, if there is a family {G, },en
of finite algebra subgroups such that G = @neN G,), there exists a representation (EA,V’l),
which is induced by a one-dimensional representation of some algebra subgroup, that is quasi-
equivalent to (.7, L?(A°,@;)). Such induced representation provides a measure theoretical
free model of supercharacters, making possible a supercharacter analysis without the full knowl-
edge of G-ergodic measures. Moreover, using the fact that supercharacters are induced charac-
ters, it is sometimes possible to decide if a supercharacter is associated with a representation of
type I or II (this is accomplished in chapter 6 for the infinite unitriangular groups of positive

characteristic).



Furthermore, there is an innermost relationship between the standard supercharacter theory
of G and the standard supercharacter theories of all subgroups G, (n € N). Using the amenabil-
ity of G and the Lindenstrauss pointwise ergodic theorem [69], we can conclude that, for each
supercharacter y of G, there is a sequence (X, )nen, Where ¥, for n € N, is a standard (normal-
ized) supercharacter of G, that pointwise-converges to . This fact yields a natural extension
of the so-called asymptotic representation theory initiated by Kerov and Vershik in [90, 93].
Furthermore, the Kerov-Vershik ergodic method can be adapted to this setting and, as it will
turn out, it is essentially equivalent to our approach. In this way, for approximately finite alge-
bra groups, the standard supercharacter theory constructed in this thesis provides a link between
the Kirillov orbit method and the Kerov-Vershik ergodic method.

There is also another supercharacter theory available for the discrete countable unitriangu-
lar groups, which is a coarsening of the standard supercharacter theory ( and is obtained in a
similar way by considering the action on A of a group B distinct from G). In particular, such a
supercharacter theory for the unitriangular group U (F,) allows us to consider the Kingman’s
graph (originally defined in the context of population genetics; see [62]) in a supercharacter the-
ory setting, providing a representation theoretical framework for some properties of that graph

which had been studied in the past (as, for example, in [20, 77]).

It is worth to mention that the main ingredients of our theory is the amenability of the algebra
group G = 1 +A and the abelian structure of the discrete group A (namely, the duality between
the discreteness of A and the compactness of A°). Thus, the standard supercharacter theory may
be considered verbatim in a slightly more general setting: one may consider groups of the form
1 + A where A is an associative nil algebra over a countable discrete ring, provided that 1 + A
is amenable (by the way of example, the groups U,(Z) and U.(Z) which are generalizations
of the discrete Heisenberg group) . However, for the sake of simplicity, we will only deal with
algebra groups over a field.

Furthermore, it is possible to present a generalization of the definition of a supercharacter
theory for an arbitrary countable discrete group G (see Definition 3.1.2), however, it is not clear

if the standard supercharacter theory develloped here satisfies this definition.

While this chapter ends with an overview on the most relevant literature (Section 1.1 below),
the rest of this thesis is structured as follows.
In Chapter 2, we briefly summarize the main definitions and results of both Measure Theory

and Representation Theory which will be needed throughout the thesis.
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Chapter 1. Introduction

Chapter 3 begins with the reasoning behind a possible general definition of a supercharacter
theory (Definition 3.1.2); in Subsection 3.2 we provide a general method to obtain a superchar-
acter theory for an arbitrary discrete group G by means of an action (by automorphisms) of an

amenable group ¥.

We then define algebra groups in more detail (Definition 3.3.1) and flash out their main
properties and in the Subsection 3.4 presents our construction; we relate superclass functions
on G with G-invariant measures on A° (Proposition 3.4.4), and Proposition 3.4.6 establish the
correspondence between G-ergodic measures and orbit closures which allows us to derive the

orbit supercharacter formula in Proposition 3.4.7.

We end the chapter with Section 3.5, where we provide a brief study of the general properties

of supercharacters as a whole topological object.

In Chapter 4, we turn our attention to approximately finite algebra groups of the form
G = ligneN G,. The finite approximation property is established in Proposition 4.1.4, pro-
viding a way to approximate supercharacters of G by supercharacters of the finite subgroups
G, (n € N). A summary of the Kerov-Vershik ergodic method is given in Subsection 4.2.1,
and in Subsection 4.2.2 we apply this method in a supercharacter theory context and explain
how it is equivalent to our approach. In Section 4.3.3, supercharacters are realized as induced
characters using Mackey’s Imprimitivity Theorem. This induction property allows us to factor-
ize supercharacters as the product of some “simpler” supercharacters: in Corollary 4.3.5, we
prove that the factorization is essentially unique when the algebra A has finite dimension; on the
other hand, in the infinite dimensional case, Corollary 4.3.6 provides an asymptotic (in general

non-unique) factorization.

The purpose of Chapter 5 is to explain how other supercharacter theories can be obtained
with a similar method used for the standard supercharacter theory; namely, we explore some
merits and limitations of Kirillov’s orbit method for a general (amenable and countable) algebra
group.

Finally, in Chapter 6 we classify two (related) supercharacter theories for the two families
of infinite unitriangular groups of positive characteristic: U,(F) where I is the algebraic closure
of a finite field, and U (F,) where I, is a finite field with g elements. The goal of this chapter is
twofold: on one hand, it gives concrete examples of supercharacter theories, and on the other it
shows, not only the difference between different supercharacter theories on the same group, but

also it highlights the contrast of supercharacter theories behavior when groups have structural

8



1.1. A brief literature review

differences. For both groups, and both supercharacter theories, we present exact formulas for
the supercharacter values (depending on certain statistics defined through some matrix entries),
a characterization of supercharacters by their type (using the induction property), and a brief

discussion of the regular character.

1.1 A brief literature review

This section is meant to provide a short survey on the existing literature of both character theory
of infinite discrete groups and supercharacter theories of finite groups. The main purpose is to
give some historical context; while the existing literature is to vast to be all mentioned, in this

section we try to our best to provide key references in the development of the theory.

Character theory for infinite discrete groups

The first major breakthrough in the representation theory of infinite countable discrete groups
was the work of Thoma in the 1960’s [87—89] where he extensively used characters as a rep-
resentation theoretical object. In particular, a full description of the indecomposable characters
of the infinite symmetric group S.. was achieved in [87], where each indecomposable char-
acter is parametrized by two decreasing sequences of real numbers o > ap > ... > 0 and
B1 > B2 > ... > 0 satisfying Yen(0; + i) < 1.

However, regarding Thoma’s results on S.., in the words of Borodin and Olshansky ( [25, In-
troduction]), they “looked too unusual and even exotic, and were largely away from the principal
routes of representation theory that formed the mainstream in the 1960’s and 1970’s.”. Indeed,
the 1960’s and 1970’s were prolific in respect to the representation theory of Lie groups, namely
with the works of Dixmier, Harish-Chandra and Kirillov? (to name a few). Nonetheless, with
its character approach Thoma planted a seed that soon gave fruits.

Kirillov’s orbit method for nilpotent Lie groups was introduced in 1962 by Kirillov in [63],
and revealed to be an exceptional source of inspiration (for a wide array of real and p-adic
Lie groups, with various degree of success, c.f [53,66]); in 1977 Howe in [54] pioneered the
first generalization of the orbit method for infinite algebraic nilpotent discrete groups over the
field of rational numbers QQ, an approach also based on characters. However, there is a number

of hypothesis imposed on the class of groups in question but, as he mentions in his paper

2Curiously enough, in 1965 Kirillov explored the characters of GL,, over a discrete field in [64].
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“[...]this again is a fairly special extension of what eventually should be a very far-reaching
theory[...]”, he was not wrong. In [52] Howe explored the orbit method for nilpotent locally
compact nilpotent groups, which can be applied, to some extent and limitations, to discrete

nilpotent groups.

In 1994 Corwin and Johnston, based on Howe’s ideas (presented in [54] and [52]), were able
to drop some hypothesis and in [31] they described a fairly general orbit method for nilpotent
groups over Q. Later, in 1997, Bagget, Kaniuth and Moran connected the Kirillov orbit method
for discrete nilpotent groups with both characters and primitive ideals on the group C*-algebra,
presenting an analysis of several representation theoretical topics. Such works turned Kirillov’s

ideas an essential methodology when dealing with discrete nilpotent groups.

Back to Thoma and his characterization of indecomposable characters of S.., in the early
80’s Kerov and Vershik in [93] revisited the character theory of the infinite symmetric group
using a different approach which relies on its direct limit structure. The group S. can be un-
derstood as the union of all finite symmetric groups J,cn S, and any character of S.. is fully
determined by its restriction to all finite symmetric groups; using known properties of the re-
striction of irreducible characters from S, to S, they were able to realize the indecomposable
characters of S.. as the pointwise limit of certain ascending families of normalized irreducible
characters of the finite groups. To achieve this, a particular topological space is built from the
above mentioned restrictions and, adapting the classical Birkhof ergodic theorem, the result fol-
lows (in Chapter 4, Section 4.2.1 we provide some more details). The success of such method,
by now dubbed the Kerov-Vershik ergodic method, is twofold: in the first place it explains
the Thoma parameters of indecomposable characters as the asymptotic limit of the growth of
columns and rows of certain Young diagrams with n boxes as n goes to infinity (which has
lead to a recent rich combinatorial theory as exemplified in [19, 20, 25, 45, 57, 74]). On the
other hand, the Kerov-Vershik method can be applied to any group which can be realized as
the direct limit of compact groups (we refer to [25,90] for more details), giving rise to what is
known as asymptotic representation theory. Moreover, the ergodic method allows to establish
connections with other areas of mathematics, such as Markov processes [23, 24, 60,91] and
point processes [21,22,77]. The Kerov-Vershik ergodic method was applied to other groups

and corresponding character theories; some examples can be found in [36,46,49-51].

It is worth mention that other methods have been applied when dealing with such groups,

namely the semigroup approach due to Olshanski [75], which somehow generalizes the classical
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Gelfand pairs into an infinite dimensional scenario; in this setting, characters can be understood
as some sort of spherical functions. Such approach has been fruitful when dealing with the
harmonic analysis of the infinite symmetric group as shown in [61,76].

A recent book by Borodin and Olshanski [25], published in 2016, can be viewed as the
main modern reference on the representation theory of the infinite symmetric group, reaching
a broad list of topics connected with S., including the link between symmetric functions on
commutative variables and character theory, the Kerov-Vershik ergodic method and harmonic

analysis.

Supercharacter Theory

Supercharacters first appeared, under the name of basic characters, in the early 1990’s in An-
dré’s attempt to deliver a manageable way to deal with the character theory of the finite uni-
triangular groups U,(FF,), [3-5]. His construction worked under the hypothesis that n < p (p
being the characteristic of IF;). Yan, in his Ph.D thesis [94] (2002), constructed a family of
characters for U, (F,), for arbitrary n and p, using a more elementary approach, under the name
of transition characters; when n < p, Yan’s transition characters coincide with André’s basic
characters. Independently of Yan, André in 2002 was able to drop the assumption n < p and
in [6] he presented a general construction of his basic characters.

André’s “basic characters” were named ‘“‘supercharacters” by Carter (in various oral com-
munications), and appeared in the literature for the first time in 2004 [13] where the theory saw
its first achievement: supercharacters where used as substitutes of irreducible characters in an
harmonic analysis context in order to bound the rate of convergence of a certain random walk
on the finite unitriangular group U,(F,). Prompted by this success, in 2008 Diaconis and Isaacs
provided in [33] a general definition of a supercharacter theory for an arbitrary finite group,
and a general construction (based on Yan’s work) of a standard supercharacter theory for an
arbitrary finite algebra groups has been given.

From thereon, supercharacter theories soon began to grow. Supercharacter theories for con-
crete non-algebra groups were developed in works such as [10] (2008), [9, 34] (2009), [68]
(2018) and [84] (2019). General supercharacter theory constructions have been attempted for
example in [48] (2012), [12] (2016) and [2] (2017).

An important feature of the supercharacter theories for the unitriangular groups (and related

subgroups) are its connections with combinatorics, namely with Hopf algebras [1, 11, 14, 15].
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The paper [1] is of significant importance: for each unitriangular group U, (F,), there is a par-
ticular supercharacter theory (slightly coarser than the standard), known as the uncolored super-
character theory, whose supercharacters are fully characterized by set partitions of {1,...,n}.
Let SC, be the vector space consisting of all complex functions on U, (F,) which are con-
stant on the “uncolored” superclasses; in [1] the vector space SC = @ SC, is equipped with
a Hopf algebra structure which is isomorphic to the Hopf algebra or%eslymmetric functions in
non-commutative variables. These facts establish a parallel with the irreducible representa-
tion theory of the finite symmetric group: the set Irr(S,), consisting of irreducible characters
of the finite symmetric group S, is parametrized by the integer partitions of n and the vector
space @@ (Irr(S,))c admits a Hopf algebra structure which is isomorphic to the Hopf algebra
of syrr;lrleetric functions in commuting variables (fore more details see, for example, [43]). For
this reason, the uncolored supercharacter theory of U,(F,) may not only be considered a non-

commuting version of the irreducible character theory of §,,, but it also seems to be the “correct”

way to address the (super)representation theory of Uy, (IF,).

In the context of asymptotic representation theory, De Stavola [32] (2018) was the first to
consider supercharacter-theoretic objects. Let &, be the set consisting of all uncolored super-
characters of U,(F,), and recall that the regular character of U, (F,) can be uniquely written as
a non-negative integer linear combination of all the supercharacters in &;. These coefficients
define a measure SPI, on &, called the super-Plancherel measure (in direct analogy to the
Plancherel measure on the set of irreducible characters of S,,); inspired in [92], De Stavola ana-
lyzed the asymptotic behavior of SP1,, as n grows to infinity, and presented a limit shape for the
super-Plancherel measure. However, due to a lack of representation theoretical framework, his
result is somehow lacking of meaning in terms of character/supercharacter theory (see Section

6.3 for more details).

On the other hand, also in 2018, André, Gomes and the author, in [8] considered and char-
acterized indecomposable superclass characters of U (IF,); this was achieved by adapting in a
suitable way the Kerov-Vershik ergodic method, and using strongly the combinatorial relation-
ship between supercharacters all finite unitriangular groups (mostly from [1]). In this fashion,
some parallels between the symmetric group (finite and infinite) and the unitriangular group
(finite and infinite) were extended, providing a setting where further analogies may be found.
Notwithstanding its merits, such approach lacks of generality, being too dependent on explicit

properties of the supercharacter theory of U, (IF,) so that it justifies the need of a different and
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more general approach.
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Chapter 2

Preliminaries

In this introductory chapter, we will do a brief incursion on Measure Theory, on the one hand,
and on Group Representation Theory, on the other. It is primarily intended to fix the main con-
cepts and terminology used throughout the thesis, and to provide the main background material;

references will be provided for most of the relevant details.

In what concerns to Measure Theory, only a fairly amount of knowledge is needed to have
a grasp on the approach used in this work; all results to be used are classical. For this reason,
standard definitions and results are adapted to the setting of our interest in detriment of a more
general setting. While we will try to retain the terminology used by most authors, here and
there we will make some simplifications; by the way of example, by a measure we will always
mean a finite complex-valued measure (because we will not deal with infinite measures and,
generally speaking, we will need to consider complex measures). We will not delve too much

into Lebesgue integration theory, and we will just explain the main idea.

The key results to have in mind are the Riesz-Markov-Kakutani representation theorem,
Radon-Nikodym theorem and the ergodic decomposition of invariant measures (under the action

of a countable discrete group), all heavily used in the main body of this work.

As for Group Representation Theory, all groups are assumed to be topological and we will
consider only unitary representations. The class of all topological groups is too vast to have a
reasonable representation theory; however, assuming mild topological conditions, the (classical)
representation theory is fairly well developed. In more detail, unless otherwise stated, any
topological group will be assumed to be Hausdorff, locally compact and second countable. It

is worth to mention that any discrete group is Hausdorff and locally compact; furthermore, it is
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second countable if and only if it has a countable number of elements.

In this setting, there is a huge interplay with the theory of C*-algebras and von Neumman
algebras and, although we will not make an explicit use of such connections, some familiarity
with the classical concepts is recommended to better understand the quirks and difficulties of
some representation theoretical issues arising when dealing with discrete groups. For this rea-
son, since a summary of the theory of C*-algebras and von Neumman algebras is out of the
scope of this thesis, we will only state the main facts which we will be relevant for our purposes
(providing references as we go along). The interested reader may consult the classical treaty by

Dixmier [35], or the more modern reference by Blackadar [16].

2.1 Measure Theory

In this section, we recall the basic definitions and results about Measure Theory. Our main
references are Bogachev’s books [17, 18] (and the references therein) since they represent an

(essentially) self-contained and extensive exposition of the general theory.

Given an arbitrary set X a family ./ of subsets of X is called a ¢-algebra if it contains
X and the empty set 0, and if it is closed under (at most countable) unions, intersections and
relative complements; a pair (X,.o7) is called a measurable space if <7 is a 6-algebra of subsets
of X, and we refer to the subsets in <7 as the measurable subsets (or, whenever necessary, as
the o7 -measurable subsets of X).

In what follows, we fix an arbitrary measurable space (X,.o7).

Definition 2.1.1. A function u : .o/ — C is called a measure if the following conditions are

satisfied:

* For any family of disjoint measurable sets Aj,A3,... € &7 and any positive integer N
N oo
.u( U An) = Z .u(An)'
n=1 n=1

(In a more general context, measures may have infinite values; however, such measures will
not be considered in the present work. Furthermore, most of the authors assume a measure to

have only positive values.)
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The measurable space (X, .27) will be called a measure space if it is equipped with a measure
w; if there is no warn of ambiguity, we will omit the o-algebra <7 from the notation and simply
say that u is a measure on X.

Given a measure {4 on X, an important measure theoretical concept is the notion of u-
almost-everywhere: a property on X is said to be true u-almost-everywhere (abbreviated u-a.e.)
if the subset where the property does not hold is measurable and has zero measure.

If X is a topological space, the smallest o-algebra which contains all the open sets is called
the Borel 6-algebra of X, and its measurable sets are called the Borel subsets of X ; we denote by
(X)) the set consisting of all Borel subsets of X. Notice that, by the definition of a c-algebra,
every closed set is measurable; indeed, the smallest o-algebra containing all the closed sets
coincides with the Borel o-algebra. Furthermore, given a measure ( on X, its support, which
we denote by supp(lt), is defined to be the set consisting of all points x € X such that every

open neighbourhood of x has positive measure; equivalently, supp(ut) is the smallest closed set

C such that u(X \ C) = 0.

A measure 1 on X has different names and properties depending on its range:

» if u(A) € Rforall A € o7, then u is said to be a signed measure;
o if u(A) € R}, then i is said to be a positive measure;

e if u is a positive measure and p(X) = 1, then p is said to be a probability measure.

If u is a complex-valued measure, then it is clear that u admits a unique decomposition
W = M1 + igp where i stands for the imaginary unit and u;, U, are signed measures. On the
other hand, if u is a signed measure, then tt can be decomposed as a difference of two positive

measures [t = U — u~ where, for every measurable set A € o7,
ut(A)=sup{u(B): B€ o/, BCA} and u (A)=sup{—u(B): B€ o/, BC A},

furthermore, there are disjoint measurable sets X7, X~ € & such that X = XT UX~ and
ut(X")=pu (X") =0 ([17, Theorem 3.11], its corollary and following remarks). The de-

composition 4t = ™ — " is known as the Hann-Jordan decomposition of |L.

Definition 2.1.2. The total variation of a measure p on X is a positive measure on X, which we

denote by || and define as follows: for every measurable set A € o7,

ul(A) = Sgp{z [u(B)]},

BeP
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where the supremum is taken over all measurable partitions P of A (that is, partitions of X whose

parts are measurable sets). The value ||ut|| = |u|(X) is called the fotal variation norm of .

Notice that, if i is a signed measure, then ||p|| = u ™ (X)+p~ (X) (see [17, Definition 3.1.4]

and ensuing remarks); on the other hand, if u is positive, then |u| = u.

Definition 2.1.3. If u and v are two positive measures on X, we say that:

* U is absolutely continuous with respect to v, and write 1 < v, if for any every measurable

setA, v(A) =0 = u(A)=0;
e 1 and v are equivalent if 4 < v < U;

* u and v are orthogonal, or singular (with respect to one another), and write L v, if

there are disjoint measurable sets A and B such that AUB =X and u(A) = v(B) =0.

If (Y, ) is another measurable space, then a function f : X — Y is said to be measurable if
f~1(B) € o for all B € 4. In particular, if X and Y are topological spaces, each equipped with
its own Borel o-algebra, then every continuous function f : X — Y is measurable.

For every measurable set A € o7, we denote by Il4 be the characteristic function of A; hence
I4(x) =1ifx € A, and I4(x) = 0 if x € X \ A. If C is considered with its Borel c-algebra, then

I4 is clearly a measurable function; we say that a function f : X — C is simple if there are a

finite number of measurable sets Ay, ...,A, and complex numbers @, ..., &, such that
n
fo= Z 014,
i=1

and we define the integral of fy with respect to u, which we denote by [y fo(x) d(x), to be the

sum

[ o) dno) = ¥ ()
X 1

=

if there is no warn of ambiguity, we simplify the notation and write [y fo du instead of [y fo(x) du(x).

A sequence (f;)nen of simple functions is said to be fundamental in the mean if, for every

€ > 0, there is an order n such that

/!fi—fj]d,u<8, forall i, j > n.
X

For every measurable function f : X — C, there is a family (f;,),cn of simple functions that

converges pointwise to f ( [17, Lemma 2.1.8]). We say that f is u-integrable if the sequence
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(fn)nen is fundamental in the mean; if this is the case, then we define the integral of f with

respect to U as

/fd,u:lim/fndu.
X n—e Jx

As shown in [17, Lemma 2.4.2], this limit does not depend on the choice of the sequence
fundamental in the mean, and [17, Lemma 2.3.4] ensures it is indeed finite.

As it turns out, absolutely continuous measures are related by a measurable function.

Theorem 2.1.4 (Radon-Nikodym theorem). If Lt and v are positive measures on X, then [l < V
if and only if there is a unique (up to a set of measure zero) v-integrable function f : X — R

such that, for every measurable set A,

1(A) = /Ade-

(For a proof, see [17, Theorem 3.2.2].) In the above notation, the function f is usually
denoted by Z—“f, and is called the Radon-Nikodym derivative. The uniqueness of the Radon-

Nikodym derivative ensures that, if u and v are two equivalent measures, then the Radon-

du

Nikodym derivative - is invertible almost everywhere and that

dv _ (du)"!
du  \dv)

An important scenario occurs when X is a topological compact Hausdorff space equipped
with its Borel o-algebra; we denote by C(X) the set of all continuous functions equipped with

the usual uniform norm ||.||.,: for every f € C(X), we define

/1l = sup[f(x)].
xeX

The uniform norm induces a topology on C(X), and we denote by C(X)* the corresponding
topological linear dual, that is, the set consisting of all continuous linear functionals on C(X).
Recall that a linear functional ¢ € C(X)* is continuous if and only if it is bounded, that is, there
is a constant ¢ > 0 such that |@(f)| < c||f]|.., for all f € C(X); this fact allow us to consider

the operator norm |.||,, on C(X)* which may be defined in two equivalent ways: for every

¢ eCX)"

1¢llop = inf{c > 0: [@(f)] < cllfll.} = sup{l@ ()] [l =1}
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for the equivalence of the definitions we refer to [29]. The following result will be heavily used
throughout the thesis (a proof can be found in [82, Theorem 6.19]); it relates linear functionals

in C(X)* with regular measures: a measure [ is said to be regular if, for every Borel set A € 7,
|| (A) = sup{|u|(F): F CA, Fisclosed} =inf{|u|(G): A C G, Gisopen}.

Theorem 2.1.5 (Riesz-Markov-Kakutani representation theorem). If X is a topological compact
Hausdorff space, then there is a bijection between regular measures on X and linear functionals

in C(X)* given by:

» If U is a regular Borel measure on X, then the mapping f — [y f du (for f € C(X))
defines a linear function ¢(i) € C(X)*;

» Forevery ¢ € C(X)¥, there exists a unique regular Borel measure | on X such that
o= [ fau.  recw)

(hence ¢ = @(L)).

Furthermore, for every regular Borel measure [l on X,

lo(k)llop = [l = [1[(X).

We observe that, in the case where X is metric space, every Borel measure is regular; for a

proof see [40, Theorem 7.17].

A paramount concept in what follows is that of weak*-convergence of measures: we say
that a sequence of Borel measures (U,),cn on a topological space X weak*-converges to a

Borel measure p if

lim/de,un:/deu, Fec).

n—soo

Notice that the convergence with respect to the total-variation norm is stronger than the
weak*-convergence, in the sense that the former implies the latter. The following simple exam-
ple shows that the topologies are in fact different: let (W, ),cn be the sequence of measures on
the unit interval [0, 1] defined by

n—1

Up = Z(_l)l&/na l’lEN,
i=0
where §;/, denotes the Dirac measure on i/n, that is, ;/,(X) = 1if i/n € X, and §;/,,(X) = 0 if

i/n ¢ X; then, U, — 0 in the weak*-topology while ||u,|| =1 for all n € N.
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Whenever X is a topological space, we denote . (X) and .# " (X) the set of regular Borel
measures and of regular probability Borel measures on X, respectively. The set .Z " (X) lies
inside the unit ball of the topological linear dual C(X)* of C(X), and thus, when equipped with

the weak*-topology, it is compact and metrizable (see [39, Proposition 3.101]).

Let X be a compact metric space, and let ¢ a countable discrete group acting on the left of

X; by a left action of 4 on X we mean a function 4 x X — X, (g,x) — g-x, satisfying
(gh)-x=g-(h-x), g.he¥, xeX.

A Borel measure ( on X is said to be ¢-invariant if
u(g-A)=u(A), ge9, AcBX).

A “-invariant probability measure i on X is said to be ¥-ergodic if, for every ¢-invariant
Borel set A, either (A) =0, or u(A) = 1; equivalently, a function defined on X is ¢-invariant
if and only if it it is constant t-almost everywhere.

The proposition below allows us to decompose any ¢-invariant measure in terms of ¥-
ergodic ones. We recall that in an arbitrary convex set V, an indecomposable (or extreme)
element is one that cannot be written as a non-trivial linear convex combination of two other
elements. If V is a compact metrizable convex subspace of a locally convex space E, then
Choquet’s theorem (see [79, Section 3] for a proof) states that, for every vy € V, there is a

probability measure y on V supported on the indecomposable elements of V such that

voz/vd,u;
1%

we say that u is the representing measure of vy. The set V is said to be a Choquet simplex if for

every element of V the corresponding representing measure is unique.

Proposition 2.1.6 (Ergodic decomposition). Let X be a compact metric space, and let ¢ be
countable group acting on X. Then, the set of 4 -invariant measures is a Choquet simplex whose
indecomposable elements are the ergodic measures. In other words, if Ergy (X ) denotes the set
consisting of all G-ergodic measures on X, then for every -invariant probability measure [

there is a unique probability Borel measure W* on Ergy, (X) such that
we = [ veaww)  wd [ra=[ ([ rav)aww
Ergy (X) X Ergy (X) \ /X
forall A€ B(X)and all f € C(X).
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Such an integral decomposition of any ¢-invariant measure is usually referred to as the ¢-
ergodic decomposition. A proof can be found in [79, Section 12]; we should mention that the
theorem there is stated in terms of Baire measures; however, on a metric space, Baire measures

and Borel measures coincide (see [18, Corollary 6.3.5]).

2.2 Representation Theory

A topological group G is a group equipped with a topology for which the functions G x G — G,

! are continuous. In what follows, unless otherwise stated,

(g,h) — gh,and G — G, g— g~
any group is assumed to be locally compact and second countable; we also consider G equipped
with its Borel o-algebra. A (Borel) measure ¢ on G is said to be left G-invariant (or invariant

under left translations ) if
u(gB)=u(B), g€G,BecHBG).
An important feature of topological groups is the existence of a G-invariant measure.

Theorem 2.2.1 (Haar). Every topological group G admits a left G-invariant measure 1. Fur-
thermore, the measure M is essentially unique, in the sense that, if ' is any other G-invariant

measure, then there is a positive constant ¢ such that
n(B)=cn'(B), BeA(G).
If G is a compact topological group, then there is a unique left G-invariant probability measure.

For a proof we refer to [73, Chapter II, section 4, Theorem 1]; as it is customary, we refer to
a left G-invariant measure on G as a left Haar measure on G. We now fix a left Haar measure 1

on G, and for every g € G we define the measure 1, by

ng(B) =n(Bg), B AB(G).

The measure 7, (for g € G) is also a left Haar measure, and thus there exists a constant A(g)
such that A(g)n = 1,; the mapping g — A(G) defines a function A: G — R which is called
the modular function of G. The group G is said to be unimodular if A(g) =1 for all g € G. We
observe that, when the group G is countable and discrete, the counting measure d on G (that
is, d(g) = 1 for all g € G) is a left and right Haar measure, thus, countable discrete groups are

unimodular.
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If G is a topological group, then by a unitary representation of G we mean a pair (7, )
where .77 is a separable Hilbert space and 7w : G — U(s¢) is a group homomorphism from
G to the group U(7) consisting of all bounded linear unitary operators on .7, such that for
every v € # the mapping g — 7(g)v defines a norm continuous map G — J#. Except when
explicitly stated, all representations are assumed to be unitary; moreover, when the context is

clear, we sometimes omit the space .7 and refer simply to the representation 7.

Example 2.2.2. Let G be a topological group, fix a left Haar measure 1, and consider the Hilbert
space L*>(G,n). Forevery f € L>(G,n) and every g € G, let (g) : L>(G,n) — L*(G,n) be the
map defined by

n(g)f(h)=f(g"'n), heG.

Then, the pair (7,L?(G,n)) is a unitary representation to which we refer to as the (left) regular

representation of G.

If (7, .¢) is a representation of G and .7 is a 7(G)-invariant closed subspace of 7, then
7 defines naturally a group homomorphism 7 : G — U(5#”), so that the pair (,.#”) becomes
a representation of G; in this situation, we refer to (7,.%”) as a subrepresentation of (7, ).
As it is usual, a representation (7, 7¢) is said to be irreducible if it does not admit non-trivial
subrepresentations; in other words, if 0 and .7 are the only closed 7(G)-invariant subspaces of
T

Given an arbitrary representation (7, 7 ) of G, we may consider the von Neumman algebra
W7 generated by the set {7(g) : g € G}. The von Neumman algebra W7 decomposes uniquely
as a direct sum of von Neumman algebras W;* © W7 © W/}, where W/*, Wi and W/}, are, pos-
sibly trivial, von Neumman algebras of types I, II or I1I (we follow the classical Murray-von
Neumman terminology; for more details see [16, I11.1.4.7]); accordingly, we say that the repre-
sentation (7, 7¢) is of type I, 11, 111, or mixture of types, depending on the decomposition of
W7«

The group G is said to be tame if every representation is type I, and wild otherwise. This
terminology is justified by the fact that representations of type /7 and I1I exhibit a pathological
behavior: if 7 is a type Il or /1] representation, then every subrepresentation is a multiple
of a proper subrepresentation (see [16, I11.5.1.9]), and therefore they do not admit irreducible
subrepresentations.

There are various classes which are known to be tame: for example, abelian groups, compact
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groups, connected semisimple or nilpotent Lie groups and linear algebraic groups are tame
(see [67, Chapter A Short Historical Sketch and a Guide to the Literature]). On the other hand,
infinite discrete groups tend to be wild; in fact, it was shown by Thoma in [89] that a countable
infinite discrete group is tame if and only if it has a commutative subgroup of finite index (in
this fashion, a large family of interesting infinite discrete groups are excluded, as it is the case
of the infinite symmetric group S.. = J S, consisting on all finite permutations of the natural

neN
numbers N).

An intertwining operator between two representations (7,71 ) and (mp,.7%3) is a continu-

ous unitary linear operator W : 77 — 7% which commutes with the group action, that is,
Yom(g) =m(g)o¥, g€GC.

We denote Homg (7, ) the vector space consisting of all intertwining operators between 7
and m, and say that m; and m, are disjoint if Homg (7, mp) = @ and equivalent, denoted by
7| ~ m, if there is an invertible element in Homg(7;, 7). On the other hand, 7, and 7, are
said to be quasi-equivalent, and write | ~ T, if no subrepresentation of 7; is disjoint from 7,
and conversely no subrepresentation of 7 is disjoint from 7;; equivalently, 77} ~ 7, if and only
if the von Neumman algebras W™ and W™ are isomorphic (for a proof of the two equivalences
we refer to [35, proposition 5.3.1]).

We note that, quasi-equivalence preserve the representation type (if @} ~ m, then m; is
of type I, 11, I11, or a mixture of types, if and only of m, is type I, II, I, or a mixture of
types); furthermore, two irreducible unitary representations are quasi-equivalent if and only if
they are equivalent. (Despite its name, the quasi-equivalent relation is indeed a true equivalence

relation.)

Given two representations (7,.71) and (m,,.74) of G, their sum (m,.74) @ (m, H53) is
defined in the natural way as the operator 7} & 7, acting on the direct sum .77 & 7% of Hilbert
spaces. The tensor product of unitary representations can also be defined. Given two Hilbert
spaces H; and 773 equipped with norms p; and p;, respectively, we consider the usual tensor

product .7/ ® 75 of vector spaces, and define a norm p on J4 ® 4 via
p(vi®@v2) = p1(vi)p2(v2), Vi € J, v2 € I5;

the completion of J# ® % with respect to p, denoted by J# ® %, is a Hilbert space. Now,

if (m,74) and (m,,.74) are two unitary representations of G, then for every g € G the map
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71 (g) ® m(g) defined on pure tensors as
T (8) @m(g) (vi ®@v2) = mi(g)vi @ Ma(g)va, v € IR, vy € 5,

extends to a unitary operator of 7 ® %3, and the pair (T ® mp, 7] ® #3) is a unitary repre-
sentation of G.

Both the sum and product of any finite number of unitary representations is well defined;
furthermore, the notion of sum of representations can be extended in order to define a contin-
uous sum of an infinite (possibly uncountable) number of representations. Let (X, .7, 1) be an
arbitrary measure space, and let {(7,, 74); x € X} be a family of unitary representations of
G. We recall the definition of the direct integral of Hilbert spaces. Let I' be a set consisting
of vector functions of f : X — [] % (that is, a function such that f(x) € J# for all x € X)

xeX
satisfying:

* Forevery fi1, f» € T, the mapping x — (f1(x) | f2(x)) defines a measurable function;
* For every x € X, the C-linear span of the set { f(x): f € '} is dense in .773;

A vector function f: X — [] % is said to be measurable if for every f’ € I the mapping
xeX
x> (f(x)|f'(x)) defines a measurable function. If we denote by .7 the C-linear span of such

functions, then the direct integral
H = [y
X
is defined to be the Hilbert space generated by .7#° endowed with the Hermitian product defined
by
(i) = [(AERE) du@.  fife Bt

Accordingly, for every g € G we define the map ©*(g) : H* — H* by

(" () f)y) =m(g)f(y), feB' yeX;

we sometimes write TH = [y m, dii. Then, (7, H*) is a unitary representation of G to which
we refer as the direct integral of the representations (T, ), x € X; for more details, we refer
to [35,67].

Every unitary representation of G admits a decomposition as a direct integral of irreducible
unitary representations (see [67, Chapter 8, Corollary to Theorem 2]), and we may think of
the set of equivalence classes of representations as a dual space (by a dual space we mean an

object whose elements are enough to describe all representations); however, uniqueness (up to
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equivalent representations) is in general lacking (see [71, Theorem 11] where it is presented an
example of a Type II unitary representation which does not admit uniqueness). In this fashion,
irreducible representations are not reasonable invariants (as they lead to a poor decomposition
theory), and thus we need to consider a different dual space capable of a unique decomposition.

In [38], a general decomposition theory is achieved using factor representations: a factor
representation (7,.7) is one whose corresponding von Neumman algebra W7 is a factor, equiv-
alently, any subrepresentation is quasi-equivalent to (7,.7") ( [35, Proposition 5.2.5]); however,
from the representation theoretical point of view, type /1] representations are, in a sense, too
large and ill behaved. In particular, representations of type /// do not admit any kind of trace
(nevertheless, with the so called Tomita-Takesaki theory, one can understand the nature of type
111 von Neumann algebras). On the other hand, representations of type / and // admit a unique
trace (up to quasi-equivalence), and this allows us to recover much of the character theory of

finite (or, more generally, compact) groups.

Definition 2.2.3. A continuous function ¢ : G — C is called a character of G if it satisfies the

following properties:
* ¢ is normalized, that is, ¢(1) = 1;
* @ is central, that is, @(h~'gh) = @(g) for all g, € G;

* @ is positive definite, that is, for alln € N, all z1,...,z, € Cand all g¢,...,g, € G

n
) ZiZ_j(P(gigfl) > 0.
i,j=1
We denote by Char(G) the set consisting of all characters of G, and equip it with the topol-
ogy of uniform convergence on compact sets, so that Char(G) becomes a compact topological
space (see [35, Proposition 17.3.5]). It is clear that Char(G) is a convex set, and thus we may
consider the subset Ex(G) consisting of all indecomposable of G; we recall that, in any convex
set, an element is called indecomposable (or, extreme) if it cannot be written as a non-trivial
linear convex combination of any other two elements. (Some authors refer to characters as
Thoma characters while others (such as Dixmier) reserve the term character to denominate an
indecomposable character. However, we prefer to use the definition above in order to maintain

the similarity with the classical character theory of finite groups.)
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Let ¢ be a character of a group G. Since ¢ is positive definite, for every g € G the matrix

(1)  o(g)
e(g!) o)

must be positive and hermitian, and this implies that
)l <e()=1 and  o(g")=0(g).

Let (7,.7) be a unitary representation of G, and let v € . a normalized vector. Then, the

function ) : G — C defined as

x(g) = (x(gvlv), g€G,

is a character. A representation (7,.5¢) of G is said to be a cyclic representation if there is a
normalized vector v € .7 such that the C-linear span of {m(g)v: v € %} is dense in JZ; if
this is the case, then we say that the character associated with v (as above) is the character of G
afforded by (7, 7).

As it turns out, every character is obtained in this fashion; in order to understand how, we
need to consider the C*-algebra of the group. We fix a left Haar measure 1 for G, and consider
the involutive algebra L'(G,n). By a representation of L' (G, 1) we mean a pair (7, /) where
A is a Hilbert space and 7 is a homomorphism from L!(G) to the involutive algebra consisting
of all bounded linear operators on 7. A representation (7,.#) of L'(G,n) is said to be non-
degenerate if for every v € J there is an element f € L'(G,n) such that 7(f)v # 0.

Now, let (7, .7) be a unitary representation of G. For every f € L!(G, ), the linear operator

7(f) defined by the mapping

v [ f@a(gvdn(e),  vesr,
G

determines a unique non-degenerate representation of L' (G,n); furthermore, this correspon-
dence defines a bijection between unitary representations of G and non-degenerate representa-
tions of L' (G, n) (we refer to [35, Proposition 13.3.1] for a proof).

On the other hand, consider the norm of L' (G,n) given by

Hf||=SI7JTPH7T(f)||7 feLl(G.m),

where the supremum is taken over all non-degenerate representations of L' (G, 7). The comple-

tion of L' (G,n) with respect to such norm yields a C*-algebra, denoted by C*(G) and called the
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group C*-algebra of G. As it turns out, any non-degenerate representation of L'(G, 7)) admits
a unique extension to a non-degenerate representation of C*(G). (We notice that, if G is finite,
then C*(G) is the usual group algebra C[G].)

Every character ¢ of G admits a unique extension to a positive linear functional on C*(G)
which we will also denote by @, and the Gelfand-Naimark-Segal construction allows us to
construct a cyclic representation (7, ) of G which affords the character ¢ (for all details we
refer to [16, 11.6.4]). Let

Np ={x€C*(G): ¢(xx") =0}.

Ny is a closed left ideal of C*(G), and so we may define a inner product (-|-), on the quotient
C*(G)/Ny by

&ly)o =0*),  xyeC(G)/Np.
The completion of C*(G)/N, with respect to (-|-), yields a Hilbert space, denoted by J75.

Finally, we use continuous extension to define the representation (7y, #%) of G such that
To(x)(y+Np) =xy+Ny  x € C*(G), y+ Ny € C*(G)/Np.
Furthermore, we note that there is a cyclic vector vy € .7 such that

P (x) = (Tp(x)ve|ve)e, x € C(G);

if G is discrete, then vy is the image in 7 of the group identity 1 € G.

Using the Gelfand-Naimark-Segal construction, it is fairly easy to check that two cyclic
representations having the same character are unitarily equivalent. In this fashion, there is a
bijective correspondence between characters of G and cyclic representations of G. Further-
more, there is a natural bijection between Char(G) and the set of quasi-equivalence classes
of representations of type I and I (see [35, Proposition 17.3.4]), and hence the classification
of representations of types I and /I (up to quasi-equivalence) may be only concerned with the

cyclic representations.

Example 2.2.4. Let G be a discrete group, so that the discrete measure (or, counting measure)
d on G (that is, d(g) = 1 for all g € G) serves as a (left) Haar measure. For every g € G, let &,
be the Dirac function on g (that is, for every h € G 8;(h) = 1 if g = h, and 6,(h) = 0 if g # h);
notice that the C-linear span of {§, : g € G} is dense in L*(G,d).

Consider the (left) regular representation (7,L*(G,d)), and note that 7,8, = &, for all

g,h € G; consequently, §; is a cyclic vector and (7, L?(G,d)) affords a character p such that for
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allge G

1, ifg=1,
p(g) = (m61|81) = ) S (h

heG 0, otherwise.

The character p is called the (left) regular character of G.

In the case where G is a discrete countable group, Thoma showed in [88] that Char(G)
is a Choquet simplex. This means that Char(G) is fully determined by its indecomposable
elements: for every ¢ € Char(G), there exists a unique Borel, regular probability measure y on

Ex(G) such that
o)= [, S@dwE).  gea

We will refer to such a decomposition as the Choquet integral decomposition (sometimes also
called the spectral decomposition) of ¢, and we will refer to u as the Choquet measure associ-

ated with ¢.

By the way of example, let G be a finite group. Then, G is a tame group, and hence ev-
ery finite-dimensional representation admits a character: indeed, the set Char(G) consists of all
normalized traces of finite-dimensional representations, and the indecomposable characters are
nothing more than the normalized traces of the irreducible representations (note that an irre-
ducible representation of a finite group is always finite-dimensional). If we denote by Irr(G) the
set consisting of all irreducible characters of G, then Irr(G) is a finite set, and every character
¢ € Char(G) is uniquely written as a non-negative integer linear combination of irreducible

characters, that is,

o= Y mé& o)
Eelr(G)

where, for every & € Irr(G), the coefficient m(&, @) is a non-negative integer, to which we refer

as the mulriplicity of £ in @ (notice that we are allowing zero multiplicities). In order to interpret

the Choquet decomposition of characters in this case, we consider the set

—{E=¢E/E(1): & €r(G)}

consisting of all normalized irreducible characters of G. For an arbitrary character ¢ € Char(G),

we consider its normalized version @ = @/@(1), so that

- r .0
o))" ’

Ec €Ex(
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and we define the normalized multiplicity of 8 in @ to be

Ea ot

Since (1)= Y m(§,9)E(1), we conclude that
Eelrr(G)

-~

0<AE$)<! and Y #(E,§) =1
ECEX(G)

and thus, the values {n?(g , @)}EGEX ©) determine a unique probability measure p on Ex(G) such

that

6= [ o= L AE9E

E€Ex(G)

Consequently, the Choquet integral decomposition is equivalent to the ordinary decompo-
sition of characters as an integer linear combination of irreducible characters, and it is in this
sense that the character theory of infinite discrete groups generalize the usual character theory

of finite groups. For this reason, the set Ex(G) is considered a quasi-dual space.
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Supercharacter Theories and Algebra

Groups

For an arbitrary group G, the set Ex(G) of indecomposable characters may be too large or even
too complicated to describe. Nonetheless, it may be possible to consider a smaller and more
tractable family of characters which could be used as an “approximation” of Ex(G). Just as in
the finite group case, this may be accomplished by considering supercharacter theories of the
given group; a prototype example is the finite unitriangular group which is known to have an
intractable character theory.

The following section describes a possible way to generalize the definition of a superchar-
acter theory for an arbitrary countable discrete algebra group, which we present in Definition
3.1.2. Also we provide a general way to construct a supercharacter theory in the sense of Defi-
nition 3.1.2.

The Section 3.3 introduces the class of algebra groups and in 3.4 we generalize the super-
character theory given in [33] for finite algebra groups. We mention that it is not clear if such
a construction obeys the axioms of Definition 3.1.2, however it coincides with the standard su-
percharacter theory of [33] when the algebra group is finite, for this reason we shall refer it as

the standard supercharacter theory.

3.1 On the definition of a supercharacter theory

Let G be an arbitrary finite group. For the moment, by a (complex) character of G we mean the

usual (non-normalized) trace of a finite-dimensional complex representation of G. The notion
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of a supercharacter theory of G was introduced by Diaconis and Isaacs in [33] to generalize
an approach used by André (e.g. [4—6]) and Yan [94] to study the irreducible characters of the
finite unitriangular groups. The basic idea is to coarsen the usual irreducible character theory
of a group by replacing irreducible characters with integer linear combinations of irreducible
characters that are constant on a set of clumped conjugacy classes. By a supercharacter theory
of G we mean a pair (£ ,&’) where JZ is set partition of G and & an orthogonal set of characters

of G (not necessarily irreducible), satisfying the following properties:
* | =1¢],
* every character y € & takes a constant value on each member K € Z', and

* each irreducible character is a constituent of one of the characters y € &.

We refer to the members of %~ as superclasses and to the characters in & as supercharacters
of G. We note that, as shown in [33, Theorem 2.2], the superclasses of G are always unions of
conjugacy classes; moreover, 1 forms a superclass and the principal character 1 is always a
supercharacter of G.

As a “trivial” example, the set C1(G) of conjugacy classes G, together with the set Irr(G) of
irreducible characters, form a supercharacter theory (Cl(G),Irr(G)) of G. In general, given an

arbitrary supercharacter theory (J#,&’) of G, the set & induces a partition
Ze=1{Xy: x €&}

of Irr(G) where, for every y € &, Xy, is the set of irreducible constituents of ; in this fashion,
(£, Z%) can be understood as a quotient of (C1(G),Irr(G)), and thus we may think of a super-
character theory as an approximation of the (usual) irreducible character theory. As it turns out
(see [33, Lemma 2.1]), the partitions . of G and Z of Irr(G) uniquely determine each other.
Let 2" be a partition of Irr(G), and define the character
ox= ) &N XeZ.
el (G)
If there is a partition %" of G such that {1} € # and |.#| = |&|, and if each oy is constant
on the members of #" , then the pair (#",{ox : X € 2 }) forms a supercharacter theory of G;

indeed, the following is true.

Lemma 3.1.1 ( [33, Lemma 2.1]). Let 2% be a partition of a finite group G, let Z be a partition

of Irr(G), and assume that & = {xx : X € 2"} is a family of characters which are constant on
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elements of & and such that, for every X € 2, the irreducible characters of xx lie in X. If
| =&

, then the following are equivalent:
e {l}ex;
e Each irreducible character is a constituent of a unique element of &;

» Forevery X € 2, the character Xx is a constant multiple of Ox.

If we consider G as a topological group (equipped with the discrete topology) and normalize
characters in order to agree with the general definition of character given in Definition 2.2.3,
then every (non-normalized) supercharacter theory (.#,&’) yields a normalized supercharacter
theory which is uniquely determined by the corresponding partitions .#" and Zg: if yx is the
supercharacter associated with X € Z» and yx = ax 0oy for some positive integer oy, then

xx _ Ox Ox _ _Ox
xx(1)  axox(1)  ox(l)

In this context, a supercharacter theory for a finite group admits a slightly different charac-

terization. Let
Ex(G) ={¢/C(1): { €Irr(G)},

and let @ be an arbitrary (normalized) character of G. Then, we say that & € Ex(G) is a con-
stituent of @ if the normalized multiplicity m(&, @) is non-zero. If (J#,&) is a (normalized)
supercharacter theory for G, then a character which is constant on the superclasses will be re-
ferred to as a superclass character; more generally, by a superclass function of G we mean
a complex-valued function defined on G which is constant on the superclasses of G (hence, a
superclass character is a superclass function which is also a character of G). We will denote
by SCI’, (G) the set consisting of all superclass characters of G. Then, SCI, (G) is a convex
set, and & is precisely the set of indecomposable elements of SCI7,(G) (because |£ | = |&|
and because every indecomposable character is a constituent of a unique supercharacter). Con-
sequently, a normalized supercharacter theory of G may be defined as a pair (£, &), where
2 is partition of G and & is the set consisting of all indecomposable elements of SCI}(G),
such that || = |£| and each indecomposable character & € Ex(G) is a constituent of a unique

element in &
Now, let G be an approximately finite group, that is, there is a chain {G,},cn of finite
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subgroups of G such that G, C G, and
G=1mG, = | G
neN neN

Furthermore, suppose that for each n € N the subgroup G, is endowed with a normalized super-
character theory (%, &,). Then, if we assume mild compatibility conditions on the superchar-
acter theories (.%,,&,) for n € N, there is a natural way to extend the notion of supercharacter
theory to the group G.

On the one hand, suppose that, for every n € N and every superclass K, € %, there is a
unique superclass K, | € %, such that K,, C K,,,1. Then, the set J# of superclasses of G is

defined to be the set consisting of all unions

K=|]JK,

neN
where K,, € %, and K,, C K,11. On the other hand, for every n € N and every K, | € %11, the
intersection K,, 11 NG, must be a union of superclasses of G,,, and this implies that the restriction
of any supercharacter in &, | to G, must be a convex linear combination of supercharacters in
&,. Consequently, for every n € N, the restriction to G, of every superclass character of G is a
superclass character of G,, and this fact allows us to adapt the Kerov-Vershik ergodic method
(see [90] and also 4.2) in order to conclude that, for every indecomposable superclass character

x of G, there is at least one sequence (X, ),cn, Where x, € &, for all n € N, such that

lim x,(g) = x(g), g€G.

n—yoo

Such a finite approximation property extends the notion of a supercharacter in an asymptotic
fashion, and thus it is natural to define the set of supercharacters of G to be the set & consist-
ing of all indecomposable superclass characters of G. This definition of a supercharacter is
used implicitly in [8] where the indecomposable supercharacters! are described for the infinite

unitriangular group

Ueo(Fg) = lim Uy (Fy);

neN

the resulting supercharacter theory is in fact a natural extension of the supercharacter theory

of Uy,(IF,) (in particular, it allows us to understand the paper [32] by De Stavola in a purely

'We notice that, in [8] superclass characters are called supercharacters and the indecomposable superclass characters are
called indecomposable supercharacters; we choose not to follow this terminology in order to be coherent with the finite group

case.
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representation theoretical setting; this will be explained in detail in Section 7.3). These facts
suggest that the set & of indecomposable superclass characters are the right substitute for the
set of supercharacters, and that the pair (.#",&") should be considered a supercharacter theory

for any approximately finite group G.

In the more general situation of an arbitrary countable discrete group G, there is no evidence
of which object should be considered as a supercharacter theory. A supercharacter theory for
G should be a pair (#,&), understood as an approximation of (Cl(G),Ex(G)), which gen-
eralizes the finite case definition in the same way that indecomposable characters generalize
the irreducible characters, that is, we should have “natural analogues” to fulfill the following

schematic diagram:

Finite groups Infinite groups

Irreducible characters —— Indecomposable characters

| !

Supercharacters —— Supercharacters

Since, in general, the number of indecomposable characters of an infinite countable discrete
group is “bigger” than the number of conjugacy classes (for example, the indecomposable char-
acters of the abelian group of integer numbers is the unit circle), it does not seem reasonable to
request the number of superclasses to be equal to the number of supercharacters. Nevertheless,
any extension of the definition of a supercharacter theory (¢, &) should coincide with the finite

group definition if, additionally, |.#"| = |&|.

The equality, in the case of finite groups, between the number of superclasses and super-
characters has important consequences that can be omitted in the definition of a supercharacter
theory; however, these consequences need to be part of the definition when one considers an
infinite countable group. The purpose of a supercharacter theory is to provide some sort of
approximation of the indecomposable character theory, where superclasses play the role of con-
jugacy classes and supercharacters are a substitute for indecomposable characters. Hence, in
order for a partition %" of G to be a candidate for the set consisting on superclasses, we should
require any member K € % to be a union of conjugacy classes and that {1} € JZ’; if this is
case, then we shall say that ¢ is a family of superclasses of G.

A naive attempt to define a supercharacter theory of G would be to choose a pair (£, &)

where %" is a family of superclasses, and where & is the subset consisting of all indecomposable
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elements of the convex set SCl}(G) of all superclass characters (that is, characters which are
constant on each element of %" ). However, this definition has an obvious obstruction: for
example, it does not agree with the (normalized) definition of [33] in the particular case where
G is a finite group (because the elements of & are not necessarily orthogonal nor induce a
partition of Irr(G)). For this reason, the definition of a supercharacter theory must be refined.

Although there are various similarities between the character theory of infinite discrete
groups and of finite groups, the analogy breaks down in two crucial relayed points: finiteness
and decomposition. For a finite group, there is only a finite number of irreducible characters,
and this implies that every character is uniquely decomposed as a sum of irreducible characters;
on the other hand, for an infinite discrete group, such a decomposition is carried out by means
of a measure (in general, non-discrete). In the former case, it makes sense to consider the ir-
reducible characters which appear in the decomposition of a given character, but in the latter
things are not that precise due to the fact that one has to deal with sets of zero measure, which
causes a significant hindrance in generalizing the notion of a supercharacter theory to infinite
groups.

Our way to avoid these (and other) difficulties is to look at the axioms of a supercharacter
theory of finite groups from a measure theoretical point of view. Let (¢, &) be a normalized
supercharacter theory of a finite group G. For every supercharacter x € &, let M, be the Choquet

measure on Ex(G) associated with y that is,

My(s)=m(§,2), ¢ €Ex(G),

and let supp(My ) be its support. Then, the fact that every irreducible character is a constituent

of a unique supercharacter is equivalent to the following two conditions:

o forall y,x’ € &, x # x', the measures M, and M, are mutually singular, and
* | supp(My) = Ex(G).
XEE
(We recall that two measures M and M’ on Ex(G) are mutually singular if there are two disjoint
Borel subsets E and E’ such that EUE’ = Ex(G) and M(E') = M'(E) = 0.) Having this in

mind, we define a supercharacter theory for an arbitrary countable discrete group as follows.

Definition 3.1.2. Let G be an arbitrary countable discrete group. By a supercharacter theory of
G we mean a pair (#,&) where £ is a partition of G and & is a set of characters of G such

that
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o X is a superclass family, that is, {1} € # and every K € /¢ is a union of conjugacy

classes;

* the characters of G which are constant on the elements of .#° form a Choquet simplex

whose indecomposable elements is &;

¢ the Choquet measures on Ex(G) associated with the elements of & are mutually singular,

and Ex(G) equals the union of all the corresponding supports.

For simplicity, and in order to maintain some analogy with the finite group scenario, we will
say that two characters of G are orthogonal if the corresponding Choquet measures on Ex(G)
are mutually singular (we note however that this is not a standard terminology).

Every countable discrete group G admits at least one “trivial” supercharacter theory, namely
the pair (C1(G),Ex(G)) where, as before, C1(G) denotes the set of all conjugacy classes of G.
In this sense, a supercharacter theory generalizes the (usual) character theory; furthermore, if
(', &) is a supercharacter theory (in the above sense) of a finite group G, then it is a super-

character theory in the sense of [33] provided that |7 | = |&.

At this point it is worth to mention that the aforementioned definition is not the only natural
extension of the concept of a supercharacter theory to an infinite countable discrete group.
In [48], Hendrickson showed that a supercharacter theory of a finite group is fully determined
by the set of superclasses, suggesting an alternative definition. Let G be a finite group, and let
C|G] denote the complex group algebra of G. Given a partition .#  of G, we associate with
every K € ¢ the element

k=Y gecC[q],
geG

and denote by S 5 the C-linear span of the set {I? : K € }; this set S  is called a Schur ring
(associated with ") if it is a subalgebra of C[G] and %" is such that {1} € .#" and

K'l={gligeK}exn, Kex.

If a Schur ring S is a subalgebra of the centre Z(C[G]) of C[G] (that is, if S 4 is a central
Schur ring), and & denotes the set of indecomposable elements of SCl_}(G), then the pair
(', &) is a supercharacter theory; conversely, every supercharacter theory (.#,&’) determines
a unique Schur ring S which is a subalgebra of Z(C[G]). In this fashion, we may define a

supercharacter theory of a finite group G to be a pair (£, &) where S  is a central Schur ring
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and & is the set of indecomposable elements of SCI}(G). The advantage of this definition
is that it does not directly rely on the equality between the number of superclasses and the
number of supercharacters; furthermore, properties of supercharacters are not straightforwardly
required.

Notice that, given any partition .2~ of G, the product KK’ of two elements K ,K' € ¢ is an

element in S if and only if the set
KK ={gh: g€ K, heK'}

is a union of members in #; moreover, S is a subalgebra of Z(C[G]) if and only if every
K € % is a union of conjugacy classes. Consequently, given an arbitrary countable discrete
group G, we might be tempted to define a supercharacter theory of G to be a pair (J#,&)
where ¥ is a superclass family such that K—! € # for all K € ¢, and KK’ is a (possibly
infinite) union of superclasses for all K, K" € %', and such that SCI’, (G) is a Choquet Simplex
whose indecomposable elements is &. The main issue is that, in general, it is not clear that this
definition would be equivalent to Definition 3.1.2.

We choose Definition 3.1.2 as the definition of supercharacter theory, mainly for two rea-
sons. On one hand, it (loosely) replicates the main feature of a supercharacter theory of a finite
group in the sense that we still have a notion of orthogonality between supercharacters; on the
other hand, we feel that the definition conveys (in a more or less straightforward sense) what

we mean by an approximation of indecomposable characters.

3.2 Supercharacter Theories defined by group actions

Let G be an arbitrary countable discrete group since, we shall explain how any countable
amenable group ¥ acting on G via automorphism defines a supercharacter theory.

There are several equivalent definitions of discrete amenable groups (we refer to [80] for
more details on amenable groups); the most typical one is the presence of a Fglner sequence: a
discrete countable group ¢ is amenable if it admits a Fglner sequence, that is, a family of finite
subsets {F}, },en such that for allk € 4

F,A(KF,

neo | Byl

=0,

where A denotes the symmetric difference of sets. However, for our purposes, the most useful

characterization of amenable groups is the fixed point property. Let K be a convex subset of a
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locally convex vector space E, we say that a locally compact Hausdorff group ¥ acts affinely

and in a separately continuous way on K if for all 7 € [0,1] and all x,y € K
k- (tx+ (1 —1)y) =t(k-x)+ (1 —1)(k-y), ke,

and the map 4 x K — K, defined by the mapping (k,x) — K-x, is separately continuous; the
group ¢ is said to have the fixed point property over K if it acts affinely and in a separately
continuous way on K and the this action has a fixed point. The following theorem provides an

alternative definition of amenability (a proof can be found in [80, Theorem 5.4]):

Theorem 3.2.1 (Day’s fixed point theorem). A locally compact Hausdorff group ¥ is amenable
if and only if G has the fixed point property over any convex subset K of a locally convex vector

space E.

Notice that since ¢ acts on G via automorphisms, any element k € ¢ induces a permutation
of conjugacy classes, thus, the set %y = {¥-g: g € G} is a superclass family. We denote by
SCl;;(G) the set of characters constant on elements in %% .

Now consider Char(G), the set consisting of all characters of G, since ¢ acts via automor-
phism on G there is a natural corresponding action of ¢ on Char(G), which is affinely and in a

separately continuous: for all k € ¢ and all ¢ € Char(G)

k-p(g) =9k '), g€GC.
Moreover, ¢ acts on Ex(G), indeed if £ Ex(G) and k € ¢, then, if t €]0, 1] and ¢, y € Char(G)
are such thatk-& =r@ + (1 — 1)y, then
E=tk ly+(1-0k 'y;= o=y

Since Char(G) is a Choquet simplex, any character ¢ € Char(G) is fully determined by a
unique Borel probability measure on Ex(G), for this reason we identify Char(G) with .Z* (Ex(G))
(the set consisting of all Borel probability measures on Ex(G)) equipped with the weak*-

convergence topology. A measure M € .# " (Ex(G)) is said to be ¢-invariant if for any k € ¥
k-MX)=MKk ' X)=MX), XecBEXG)),

and we denote by .#, (Ex(G)) the set consisting of all ¢-invariant measures on Ex(G).
It is straight forward to check .#; (Ex(G)) is afinely homeomorphic to SCI,(G), further-

more X 1S a oquet simplex whose 1ndecomposable elements are precise the
.} (Ex(G)) is a Choquet simplex whose indecomposable el precisely th
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¢-ergodic measures on Ex(G) (in virtue of proposition 2.1.6); we denote by & the characters

in SCI,(G) determined by the ¢-ergodic measures on Ex(G).
Proposition 3.2.2. The pair (g, &) forms a supercharacter theory for G.

Proof. Notice that for the pair (%4, &%) to be a supercharacter theory (in the sense of Definition
3.1.2) it only remains to show that elements in &% are orthogonal and that the union of the
support of all ¢4-ergodic measures on Ex(G) is equal to Ex(G).

let M| and M, be ¢-ergodic probability measures on Ex(G). According to the Lebesgue’s
decomposition theorem (see, for example [17, Theorem 3.2.3]), the measure M| decomposes as
a sum

My = M + M¢

where M{ and M? are two signed measures such that M{ is absolutely continuous with respect to
M, and Mf is singular (or orthogonal) with respect to M,. We observe that M{ and Mf are also
singular with respect to each other, and thus there are two disjoint Borel sets B, B, € Z(Ex(G))
such that

Ex(G)=BjUB, and  M{(B;)=M:(B,)=0.

This means that, for every Borel set X € #(Ex(G)) with X C By, we have
0<M{(X)=M(X) <1,

and hence M{ is a ¢-invariant positive measure; in its turn, this implies that M{l is also a positive
G-invariant measure (because M, is positive, M| = My + M9, and M7 and Mf' are singular
measures).

If both M{ and Mfl are non-zero measures, then after normalizing them we can write M,
as a convex sum of two ¢-invariant probability measures, which contradicts the ergodicity of
M;. Consequently, either M; = M| (which implies that M| = M>), or M| = Mf, and thus the
corresponding superclass characters are orthogonal.

For every & € Ex(G), let &% denote the closure of the ¢-orbit 4-& C Ex(G). Since 0%
is a closed subset of a compact Hausdorff space, it is also compact and Hausdorff. The set
MO £ ), consisting of all probability measures on &' £, is non-empty (because it can be iden-
tified with the topological linear dual of C(ﬁg)) and the G-action on &% induces a natural
&-action on . (0%): for every M € .4/ (0%) and every k € ¥, we define k-M € .4+ (0%)
by

k-M)(X)=MKk '-X), XeBO%.
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Since G is amenable, there is at least one fixed point in .Z* (& 5) (in virtue of Day’s Theorem
3.2.1), that is, there is at least one G-invariant measure on & £,

Every ¢-invariant measure on 0% admits a unique decomposition in terms of ¢-invariant
ergodic measures, and hence there must exist at least one ¢-invariant ergodic measure My on
0%, The fact that M is 4-invariant implies that supp(My) = O £, furthermore, My admits an

extension to a measure M on Ex(G): for every Borel set B € #(Ex(G)) we set
M(B) = My(BN G°).

Finally, note that, if B € Z(Ex(G)) is &-invariant set, then so is BN &%, and thus either M (B) =
0 or M(B) = 1; consequently, we conclude that M is a G-ergodic measure on Ex(G) with
supp(M) = 0%,

Since

Ex(G)= ] 9-¢,

E€Ex(G)
it follows that the union of the supports of all G-ergodic measures equals Ex(G), and therefore

the pair (%4, &%) is in fact a supercharacter theory of G.

3.3 Algebra Groups and Supercharacter Theories

Let K be a field and let A be an associative nil algebra over K (that is, an associative algebra
over K where every element is nilpotent). Throughout the thesis, we enlarge the ring A with an
identity element 1 (to be more rigorous, we naturally embed A as a subring of the direct sum
o/ =K @A), and consider the set 1 4+ A consisting of all formal sums 1+ a with a € A. Then,

the set 1 +A can be equipped with the product
(1+a)(14+b)=14a+b+ab, a,b € A.

Since A is nil, for every a € A there is a positive integer n € N such that a"” = 0, and so
n—1 n—1 n—1
(1+a) ( Z (—l)ta’) =l4+a—a+ Z (—=1)'d + Z (-1 ld =1.
=0 =2 t=2
Consequently, every element in 1+ A has an inverse; moreover, since A is associative, the

product of 14 A is also associative, and thus 1 4 A is a group (with identity 1).
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Definition 3.3.1. A group G is said to be an algebra group over a field K (or simply a K-
algebra group) if there is an associative nil algebra A over K such that G = 1+ A. We refer to
K as the base field of G, and define the characteristic and dimension of G to be, respectively,
the characteristic of K and the dimension of A (as K-vector space). Following [55], we define
an algebra subgroup of G to be a subgroup H for which there is a subalgebra B of A such that
H =1+ b; similarly, an ideal subgroup of G is a subgroup N for which there is a two-sided

ideal I of A such that N = 1 +1 (notice that and ideal subgroup is a normal subgroup of G).

(We observe that if G = 1 4 A is an algebra group then G is the set of unipotent elements of
o =K®A.)

Now, suppose that K is a topological field. Then, being a vector space over K, A may
be equipped with the product topology induced by the topology of K (which in general is not
discrete), and we may use the obvious bijection ¥ : A — 1 +A (given by the mapping a — 1+a)
to induce a topology on the group G = 1 +A: a subset U C G is open if and only if 9~ 1(U) =
U — 1 is an open subset of A. Furthermore, it is well-known that (with respect to the product
topology), A is a topological vector space; in particular, if in addition the multiplication of A is
continuous, then the multiplication of G is also continuous, and hence G becomes a topological
group. Notice that A can be considered as a Lie algebra of G, and that the bijection ¥ : A — G
may be viewed as a crude version of an “exponential map”; indeed, in the particular case where
G = 1+ A is a finite dimensional algebra group over the real field R or over the complex field
C, then G is indeed a Lie group whose Lie algebra is A, and ¢ is the usual exponential map
truncated at the second term.

Our main focus is on discrete, locally compact and second countable algebra groups; for this
reason, we shall consider only countable discrete algebra groups which, in particular, are second
countable locally compact Hausdorff and unimodular groups (the assumption on the cardinality
of the group is to ensure second countability). We observe that, any countable discrete algebra
group G = 1 + A must be defined over a countable discrete field K, and A must have countable
dimension (as a vector space over K).

Furthermore, we will often require algebra groups to be amenable, which is a somewhat
reasonable hypothesis since it does not seem to restrict too much the class of groups considered.
In fact, most interesting examples are either nilpotent or locally nilpotent groups, which are
amenable: on one hand, nilpotent groups are solvable, and solvable groups are amenable (for

a proof we refer to [80, Corollary 13.5]); on the other, an algebra group G = 1 + A is locally
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nilpotent if and only if the algebra A is locally nilpotent, and since locally nilpotent algebras
can be realized as the direct limit of nilpotent algebras, the group G is a direct limit of nilpotent
groups, and thus amenable (for a proof that a direct limit of amenable groups is amenable, we
refer to [80, Proposition 13.6]).

An important subclass of countable discrete algebra groups that concern us consists of all
approximately finite (AF for short) algebra groups: an algebra group G = 1+ A (over a field
K) is said to be approximately finite if there is a chain of subgroups {G, },cn Where, for every
neN, G, =1+A, is a finite algebra group (over a finite field K,,) such that G,, C G, | and

G= 1_113 Gp,
neN
the direct limit being taken with respect to the inclusion maps; equivalently,
G=JG. =1+ A
neN neN

Here, G is equipped with the direct limit topology which turns out to be the discrete topology
(because finite groups are assumed to be discrete); therefore, every AF-algebra group is indeed a
discrete group. Furthermore, finite groups are (trivially) amenable, and thus AF-algebra groups
are in fact amenable groups.

Since G, is a finite algebra group, the base field K, of G, must be finite for all n € N;
moreover, since G, C G, 1, it is also clear that K,, must be a subfield of K, forall n € N. It
follows that the base field of G is the union

K=K,
neN

which implies that the base field of an AF-algebra group G is of positive characteristic.

Example 3.3.2 (Unitriangular groups). If K is a countable discrete field, then a unitriangular

group over K is one of the following:

* for every n € N, the unitriangular group U, (K) = 1,, +u,(K) consisting of all n x n upper
triangular matrices over K with all diagonal entries equal to 1 € K; here, 1, is the identity
matrix, and u, (K) denotes the algebra over K consisting of all strictly upper triangular

matrices over K;

* The locally finite unitriangular group Us(K) = 1 + u.(K) consisting of all infinite upper-

triangular square matrices over K with diagonal entries equal to 1 € K and such that every
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element has only a finite number of non-zero entries above the main diagonal: for every
n € N, the (finite dimensional) K-algebra u, (K) may be identified with the subalgebra of
U,+1(K) having the last column filled with zeros, so that we get a natural an inclusion
U,(K) <= U,+1(K), and the group U..(K) can be identified with the direct limit
Ueo(K) = lim U (K) = | Un(K).
neN neN

Notice that U, (KK) is a nilpotent group and that Us.(K) is locally nilpotent; therefore. they

are both amenable groups.

Example 3.3.3 (McLain groups (or pattern groups)). Let (2, <) be a countable poset (that is,
a partially ordered set). With all a, B € P with a < B, we associate a formal element ¢, g, and
forall a,f,y,t € P with o < 8 and y < 1, we define the product
eocfra lf ﬁ - }’,
eaaBeY7T =
0, otherwise.
If K is a countable discrete field (as in the previous example), then the K-algebra A(Z2, <)

linearly spanned over K by the set {e, g: o, 8 € &, a < B} is anil associative K-algebra and
G(Z,2)=1+A(2,%)

is a discrete algebra group over K. By the way of example, if & = {1,...,n} and < is the usual
linear order <, then the corresponding McLain group is the unitriangular group U, (K).

Notice that if (£, <) is a finite poset, the algebra A(Z, <) is a nilpotent algebra, which
implies that G(2, =) is a nilpotent group, hence amenable. On the other hand, if (£, <) is
an infinite countable poset and we choose any numbering &2 = {ay, ..., Qy, ...}, then the partial
order < induces a partial order on &, = {Qy, ..., 0, }, forall n € N, and G(Z, <) can be realized
as the direct limit

G(2,2) = limG(Fy, =),

neN

and thus it is an amenable group.

In the case where K is a finite field (£, <) a finite poset, a supercharacter theory of the
group G(Z,=) has been constructed in [34]; in the infinite case, in [85] the representation
theory of G(22, <) was studied via some sort of generalization of André’s work on the finite

unitriangular groups.
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Example 3.3.4 (Algebra groups of prime characteristic associated with augmentation ideals).
Let p be a prime number, let g = p¢, e € N, and denote by F, the finite field with g elements;
given an arbitrary p-group P, we consider the group algebra F,[P] and its augmentation ideal A
(that is, the F;,-vector space linearly spanned by the set {a —1: a € P}). Then, A is a nil algebra

and we can form the algebra group G = 1 +A.

3.4 Supercharacters and ergodic measures on A°

In what follows, we fix an arbitrary amenable countable discrete algebra group G = 1 4+ A over
a field K, and we present a family of superclasses .2 of G such that the characters of G which
are constant on the elements of % (to which we refer as superccharacters) form a Choquet
simplex.

This construction is strongly based on [33] and generalizes the standard supercharacter the-
ory for finite algebra groups given there; moreover, it is loosely based on Kirillov’s orbit method
(see [63] for the case of nilpotent real Lie groups) as we can think of A as a Lie algebra for G
where the map ¥ : A — G plays the role of the exponential map. Our method yields a gener-
alization of the construction presented in [33], allowing us to exhibit a supercharacter formula,
quite reminiscent of Kirillov’s character formula, where supercharacters values are obtained
as an integral over the closure of certain orbits on the dual group of A (see also [31] for the
analogue version of Kirillov’s orbit method for discrete rational nilpotent groups). Similarly to
Proposition 3.2.2, supercharacters are in one-to-one correspondence with G-ergodic measures

on the dual group A° of the additive group A™.

Consider the additive group A™ of A, and its Pontryagin dual group A° of A; by definition,
A° consists on all continuous group homomorphisms from A to the complex unit circle S!, and
is equipped with the topology induced by convergence on compact sets (since A is discrete,
this is nothing but the pointwise-convergence topology). We observe that, since abelian groups
are tame, A° is in fact the set of indecomposable characters of A. As mentioned, A° admits a
structure of an abelian topological group (that we write additively) which is determined by the

pointwise product of functions: for every 4,1’ € A°, the element A + A’ € A° is defined by
A+ (a) = A(a)A (a), acaA,
and the identity element of A° is the trivial character 14 of A™ (we sometimes write 0 = 14).
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Since A° is the set consisting of all indecomposable characters of A, it is a compact Haus-
dorff space (see for example [83, Proposition 1.2.5 (a)] for a proof not involving C*-algebras).
We consider A° equipped with its Borel o-algebra of measurable sets, and the set consisting of
all complex measures on A° will be denoted by .# (A°) (we assume that .# (A°) is equipped
with the weak*-convergence topology). The set C(A°) consisting of all complex continuous
functions is equipped with its usual uniform norm, and we identify its topological dual space
with .# (A°) according to the Riesz-Markov-Kakutani theorem; consequently, any measure on
A° is fully determined by the integration of complex continuous functions.

For every g € G, consider the function 7, : A° — C defined by
T,(A)=A(0""(g))=A(g—1), g€G,
and denote by 7 the C-linear span of the set {7,: g € G}.

Proposition 3.4.1. For all g € G, the function T, is continuous. Furthermore, {T,: g € G} isa

linearly independent set, and Tg is a dense subalgebra of C(A°).

Proof. According to Pontryagin duality theorem, the dual group (A°)° of A° is canonically

isomorphic to A: for all a € A, the function a : A° — C defined by
a(dl) =A(a), AEA°,

is a character of A°, and every character of A° is of this form (see [83, Theorem 1.7.2] for a

proof). On the other hand, 9! : G — A is an homeomorphism and
T,=9"'(s), g€G,

which allow us to conclude that 7, is continuous for all g € G.
We now identify {7, : ¢ € G} with {a: a € A}. This set is linearly independent if and only

if, for every mutually distinct elements ay,...,a, € A, a complex linear combination
aa (l) +- (Xnd;q(/l) =0

holds for all A € A° only if a; = ... = o, = 0. We argue that this is the case by induction on
n; the case n = 1 is trivial, hence we assume that ay,...,a,+| € A are mutually distinct and that

Ay,...,0,11 € C are such that

ai(A)+-+ 0py1an11(A) =0, A €A%
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Let A’ € A° be such that aj (A’) # a,+1(A’). Then, for every A € A° we have

0=ondi(A"+A)+- -+ tp1a1 (A +2)

= 1@ (A)ai(A) + ..+ 1 @ni1 (A)an 1 (1)
on the other hand, we have
a1 (A)ar () + -+ p1dn1 (A )@y 1 (1) =0,
and thus
01 (@ (A') — a1 (M) @ (A) + -+ (@A) — @i () @(2) = 0.
By induction, it follows that
(@A) —dn1 (A1) =0,  1<i<m;

in particular, we conclude that o; = 0, and this implies that op = ... = 0,41 = 0 (again by
induction). Therefore, {a: a € A}, and hence {7, : g € G}, is a linearly independent set.

Now, for every a,b € A, we have
(Ti+aT1+5)(A) = A(@)A (D) = A(a+b) =Tiyarp(A), A EA®,

which means that 7,7}, € T for all g,h € G; on the other hand, for every a € A, we see that

Ti1a(A) =A(a) =A(=a) =Ti-a(A), A €A,

and hence T, € T for all g € G. It follows that 75 is a subalgebra of C(A°) (notice that T} is the
identity).
The set T separates elements of A°, because for every A, A’ € A°, with A # A/, there is

a € A such that
Tira(R) = A(a) # A'(a) = Tira(A).

In virtue of the Stone-Weierstrass theorem, we conclude that the subalgebra 7 is dense in

C(A°), as stated. O

The density of 7 ensures that any measure on A° (equivalently, any linear continuous func-

tional on C(A°)) is fully determined by the integration values of the functions 7, for g € G.
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Indeed, let u be a continuous linear functional defined on 7, and let (f;),cn be a convergent

sequence of continuous functions with limit point f € C(A°). The continuity of u ensures that

() =)l < [Bllop 1o = Fnlleos  nom €N

since C(A°) is a complete space, it follows that (f,),en is a Cauchy sequence. Therefore,
(1 (fn))nen is also a Cauchy sequence, and thus it is convergent. It follows that u extends
naturally to a linear functional on C(A°), and it is straightforward to show that this extension is

unique.
The group G induces a natural adjoint action (by automorphisms) on A, forall g € G
g-a:gflag, acA.
Such action fully determines the conjugation action of G onto itself since
g M1+a)g=1+ (g lag), g€G,acA.
The adjoint action induces a coadjoint action on A° = Ex(A), for all A € A°
(g:A)(a)=A(gag™"), ge€GacA.

Let ¢ € Char(G), we define a continuous linear functional g on C(A°) (equivalently, a
measure on A°) such that
u(Ty) = /A Todu=9(g),
furthermore, it is straightforward to check that the measure ¢ must be G-invariant (beacause
¢ is constant on conjugacy classes).
The first step towards the definition of a supercharacter theory of G is to exhibit a family of
superclasses. We consider the direct product G = G x G, and the natural action of G on the left

of A via left/right multiplication:
k-a=g lah, k= (g,h) €G, a€A;

If we identify G with the diagonal group A(G) = {(g,¢) : g € G}, then we get the conjugation
by restriction of the action of G to A(G). Moreover, every G-orbit on A is a disjoint union of

conjugacy G-orbits; indeed, we have

G-a=|JA(G)-(ag), acA.
geG
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Definition 3.4.2. If G = 1 4+ A is an arbitrary countable discrete algebra group and a € A, then

we define the superclass of g =14 a € G to be the set
K, =1+G-a=1+GaG,

and we denote by .#" = {K, : g € G} the set consisting of all superclasses of G.

Since K} = {1} € # and every member K € ¥  is a union of conjugacy classes, the set #~
is in fact a superclass family. By a superclass function we mean a bounded complex function
on G which takes a constant value on each superclass in K € %", and as before a character of
G which is also a superclass function will be referred to as a superclass character. We denote
by SCl »(G) and SCI}(G) the sets consisting of all superclass functions and of all superclass
characters, respectively. The set SCI%,(G) is clearly a convex set, and we denote by & (G)
(or, if there is no risk of confusion, simply by &) the subset of SCl}(G) consisting of all

indecomposable elements.

The G-action on A yields the natural continuous contragradient action on the left of the dual

group A°: for every k € G and every A € A°, we define k-A € A° by
(k-A)(a) = A(k 'a), acA.
For simplicity, for every g € G, we write
gA=(g1)-A and  Ag=(l,8)-A=2g,

and thus it makes sense to talk about the left/right action of G on A° and left/right G-orbits on

A°.

On the other hand, we consider the sets ./ (A°) and . (A°) consisting of all G-invariant
measures and G-invariant probability measures on A°, respectively, and equip both with the
weak*-convergence topology. Notice that both .#(A°) and .#¢} (A°) are non-empty (because
the Dirac measure 8;, supported on the trivial character of AT is clearly a G-invariant probabil-

ity measure); furthermore, .Z¢ (A°) is a Choquet Simplex (due to Proposition 2.1.6).
Lemma 3.4.3. For every G-invariant measure [L on A°, we have

/TgThdu:/ T1g du, g,heq.
A° A°
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Proof. Leta,b € A be arbitrary, and set g = 1 +a and h = 1 + b. Firstly, we claim that
Ty(hA) =T, -1 (A).

To see this, let &’ € A be such that A~! = 1 4 ¥/, and notice that b+ b'b = —b (because h~'h =
1+b+b +b'b=1). Then,

Ty(hA) = (hA)(h—1)=A(h Y (h—1)) =A(1—=h"1)
=A(=V)=A(V) =Ty (A) = T1 ().

Consequently,
| LT du= [ LT (A du = | 102071 (2) du
(the last equality because u is G-invariant). Since
To(hA)T),-1(A) = Ahta)A(d) =A(h ta+b) = A(a+ba+b)
and h~'g = 14+b'+a+b'a, we conclude that
[ T du= [ T3 dn.

and this completes the proof. O

For every superclass function ¢ on G, we define a linear functional u? on C(A°) (equiva-

lently, a measure on A°) (via linearity and continuous extension) by

N(p(Tg):AOngﬂ(p:(P(g), g€G.

Notice that, if @ # ¢’ are superclass functions on G, then there is g € G such that

u®(T,) = (g) # @' (g) = u® (T),

which means that the mapping ¢ — p? defines an injective map. On the other hand, the fact
that @ is a superclass function ensures that u? is a G-invariant measure: indeed, for every k € G

and every a € A, we evaluate

| Tak 2 du? = | Tiikea(2) du® = p(1+k-a)

= 9(1+a) = [ Tiald) du®.
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Conversely, for every G-invariant measure u € .#(A°), we define the function ¢ : G — C
by
¢*(g) = /AOTg du,  geG.

If u and p’ are two distinct measures in . (A°), then there is an element f € C(A°) such that

| rdu [ raw

Since Tg is dense in C(A°), there must exist at least one element g € G such that

T, d /Td’.
/Aogu#mgu

Therefore, the mapping p — @* defines an injective map. Moreover, the fact that y is G-
invariant implies that ¢@* is a superclass function on G; in fact, for every g € G and every k € G,

we have
(K- Te)(A) = Ty(k™"A) = A(k-(g— 1)) = Ty e q1)(A),

and thus

o (1+k-(g=1) = | Trineedu= [ RTdu= [ Tydu=9¢"()
where we use the fact that y is G-invariant (in the third equality).
Keeping the notation as above, we now prove the following.

Proposition 3.4.4. The mapping ¢ — u? defines an affine homeomorphism between SCl , (G)
and MG (A°) with inverse given by the mapping L — u®.
Furthermore, the measures in ,///g (A°) are in one-to-one correspondence with the elements

of SCljg,(G) (and hence elements in & correspond to G-ergodic measures on A°).

Proof. The fact that the above correspondence is an affine homeomorphism is a matter of
straightforward calculations.

We now claim that the measure (1 associated with a superclass character @ is a probability
measure. Let B € Z(A°) be arbitrary, and let Iz € L?>(A°, 1) be the corresponding indicator

function. Since T is dense in C(A®), so is its image in L?(A°, i), and hence

n—oo

n
Ig = lim ) 04Ty,
i=1

for some family {07, : o; € C, g; € G}ien. Since

To=lim Y oT, and  Tp(A) =Is(A)s(A), A€A,
i=1
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we see that
n
B) = r}l—r&l;] aiEj/AO T Tg; dut
According to Lemma 3.4.3, we conclude that
u(B) _’}grf’l"iz_’l alaj/ T g d.u _r}gn ]Z_, Ot,OC](P gJ gz)
Since ¢ is a positive definite function, we have
- 1
Z Oﬂiﬁj(p(g; gi) >0, neN,
i,j=1

and thus i (B) > 0. On the other hand,

— [ Tidu=o(1)=
.

and so u is a probability measure.

Conversely, in order to prove that every probability measure u € ///6 (A°) determines a
superclass character, we exhibit a cyclic representation which affords the character . Let
A" be the Hilbert space L>(A°, i), and for every f € 7" and every g € G, define the operator
TH(g): " — M by

(TR )A) =T (M) f(g™'A),  AeA”.

We claim that .7#(g) is a unitary operator for all g € G. Firstly, for every g € G, we compute

the adjoint operator of 7 H(g): for every f1, fo € H, we evaluate

(THAIR) = [ T VR di = | T(sM)fi(A)f(eR) du
= [ AGT AR (A du = (1T (57 12)

(in the second equality, we took into account that t is G-invariant), and thus the adjoint operator

of 7H(g)is 7H(g~!). On the other hand, we have
T T (g ) =T (g )T (g)=1d, g€,

where Id: JZF — " is the identity operator, and hence .7 is unitary for all g € G. It is
easy to check that the map 7" : G — U(") (defined by the mapping g — 7H(g)) is a group
homomorphism, and so it is a representation of G.

Since T is a dense subalgebra in C(A°), its image in .7Z* is also dense; moreover, we have
y“(g)Tl :Tga gEGa

52



3.4. Supercharacters and ergodic measures on A°

and so T is a cyclic vector and the representation (.7#, ") affords a character given by the

formula
(THRNIT) = [ Tedu=094(s),  geC.

which implies that ¢* is a superclass character of G, as required.
The rest of the statements follows from the fact that G-ergodic measures are the indecom-

posable elements of ./ (A°). O

For an arbitrary G-invariant probability measure pt on A°, the representation (T, 57H)
will be referred to as the standard super-representation associated with u, since it provides a

canonical model for representing the superclass character ¢*.

On the other hand, elements in & are enough to describe any superclass function in the

following sense.

Proposition 3.4.5. For every ¢ € SCl »(G), there is a measure L* (in general, complex) on &

such that

ww:éx®dw, g€G.

Proof. Let ¢ € SCl(G) with associated G-invariant measure @t = {j + il on A°, where i
denotes the imaginary unit and u; and u, are real signed measures. Since u is G-invariant, it
is clear that both p; and p, are also G-invariant. Let j = 1,2, and consider the Hann-Jordan
decomposition it; = /.Lj+ — H; of pj; recall that for every X € 2 (A°)

+ _ . - _ .
uy(X) —Sg’(“ja/) and M = erglg,u](Y),

where the supremum and infimum are taken over all Borel sets ¥ C X, and hence both ,uf and

p; are G-invariant measures. We set Otji = uji (A°), and notice that

Vi
J
are G-invariant probability measures. Let Ergg(A°) stand for the set consisting of all G-
invariant ergodic measures on A° (which are the indecomposable elements of the Choquet Sim-
plex .#Z (A°)). Then, there are unique probability measures (v]i)* € Mt (Ergg(A°)) such
that
= ErgG(Ao)a)d(in)*.

+
\¢
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Consequently, if we define (/.L]i)* = ch (v]i)* and ;7 = (,LL;L)* —(u;7)", then we conclude that
p= o d(py +iuy),
Ergg (A°)
the result follows (by setting pt* = uj +iuy). O

In this fashion, we can formulate superclass functions theoretical problems in terms of G-
invariant measures on A°; since supercharacters allow us to describe all superclass functions,
the description of ergodic measures yields a description of the standard supercharacter theory

and the corresponding superclass functions.

If G is a finite algebra group, then the dual group A° is finite and equipped with the discrete
topology (that is, any subset is a Borel set). Therefore, it is clear that every G-orbit on A°
supports a unique ergodic measure, and that any ergodic measure is of this form; in fact, for any
G-orbit G-A C A° the corresponding ergodic measure, which we will denote by @, , is defined

as follows: for every A’ € A°

L ifA eG-A,

RS
>
I

B
e

0, otherwise.

As it is expected, we recover the (normalized) supercharacter formula given in [33]: for every

A € A° let XG')“ denote the supercharacter associated with the G-orbit G:A C A°; then,

G-A /
= T, dwy; = ——— A —1 R €aq.
(g) ., 8 A |G'2 ‘ l/Z (g ) 8

eG-A

X

However, in [33] this formula is achieved using purely representation theoretical arguments,
while in our proof, we rely heavily on ergodic theory (which allows a different point of view on

supercharacters in the finite group case).

For an arbitrary infinite countable algebra group, any G-orbit G-A C A° is a discrete subset
of an infinite compact topological space, and thus it is closed if and only if it is finite. Conse-
quently, no infinite G-orbit can support a G-invariant measure. The way to bypass this issue, is
to consider orbit closures: for every A € A°, we will denote by &% the closure in A° of G-A.
Our next goal is to associate supercharacters with orbit closures.

Recall that, for every probability measure @ on A°, its support supp(@) consists of all
characters A € A° for which for every open neighborhood has positive measure; equivalently, it

is the smallest closed subset C of A° such that ®@(A°\ C) = 0.
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Proposition 3.4.6. For every G-invariant ergodic measure @ on A° there is at least one A € A°
such that supp(®) = O A, Conversely, every orbit closure supports a unique G-invariant ergodic

measure.

Proof. Let @ be a G-ergodic measure on A°, and consider its support supp(®) equipped with
the subspace topology. The group G acts on supp(®), and @ can be though naturally as a G-
ergodic measure on supp (@) having full support. Let us choose a topological basis {U, },en for
supp(w); thus, w(U,) > 0 for all n € N. Since G-U, is a G-invariant set of positive measure
and o is ergodic, we must have @(G-U,) = 1. Moreover, the family {G:U, },en is also a

topological basis for supp(w). Let
V=_)GU,

neN

and note that, since V' is an intersection of sets with measure 1, we also have @(V') = 1 and this
clearly implies that V is non-empty. Furthermore, V is G-invariant, and thus for every A €V,
the G-orbit G- A intersects every element of a topological basis of supp(®). Consequently, G-A
is dense in supp(®), which means that its closure ©* = G-A equals supp(®).

On the other hand, running a similar argument to the used in the proof of Proposition ??,
we conclude that the amenability of G implies that any orbit closure & A supports a unique

G-ergodic measure. O

Let Q@ = {0 : A € A°} denote the orbit-closure space, and notice that the previous propo-
sition ensures that there is a one-to-one correspondence between Q and the G-ergodic measures
on A° (and hence between Q and the supercharacters of G). Henceforth, we fix the following no-
tation. For every € = 0* € Q, we denote by either w, or @, the G-ergodic measure supported
on ¢, and by x¢ or x* the corresponding supercharacter of G ; hence, & = { x°: 0 ¢ Q};
furthermore, we denote either by (77, #) or (F*,#*) the standard super-representation
associated with 0wy = ®, .

The correspondence between supercharacters and orbit closures, together with Proposition

3.4.4, allow us to establish the following supercharacter formula.

Proposition 3.4.7 (Orbit supercharacter formula). For every orbit closure O € Q with associ-

ated G-ergodic measure ®y and supercharacter x¢, we have

Xﬁ(g)Z/ﬁTg(l)dwﬁZ/ﬁl(g—l)dwﬁ, g€G.
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In this fashion, the representation theory of countable discrete algebra groups is brought
into an ergodic theoretical setting, where the description of the standard supercharacter theory
is equivalent to the description of G-orbit closures and the corresponding G-ergodic measures.
Although the correspondence between supercharacters and orbit closures establishes a parallel
with the finite group algebra scenario, infinite countable discrete algebra groups can exhibit a
different behavior depending on the nature of the G-action on A°. Namely, there are examples,
such as U..(IF,), where there exist a dense G-orbit; as we explain in the following section this is
the case if and only if the regular character of G is a supercharacter. (We observe that, being the
closure of a G-orbit, & A s G-invariant, and hence it is a union of G-orbits; therefore, it is not
so odd to have distinct G-orbits associated with the same supercharacter, contrary to the case of

finite algebra groups.)

3.4.1 The regular representation

The group G acts on itself via left multiplication, and this induces a left action of G on L(G,d),
where d is the counting measure on G (which serves as a Haar measure for G): for every g € G

and every f € L*(G,d), we define 7(g)f € L*(G,d) by

n(g)f(x)=f(g"'x), x€G.

It is a matter of straightforward calculations to show that the pair (7,L?(G,d)) is a unitary
representation of G, to which we refer as the (left) regular representation. (Since the regular
representation is defined via the group multiplication, this is the most natural representation that
one can consider.)

For every g € G, let §, € L*(G,d) be the Dirac function supported on g, that is, 5,(g) = 1,
and O,(h) =0 for all h € G, h # g. The C-linear span of the set {§,: g € G} is dense in
L*(G,d), and since 7(g)3; = &, for all g € G, we see that the function &, is a cyclic vector
for (m,L%(G,d)). Consequently, the regular representation affords a character, which we will
denote by p and refer to as the regular character of G; hence, for every g € G

1, ifg=1,
p(g) = (m(8)bi[61) =
0, otherwise.
The regular character is clearly a superclass character of G, and thus it is uniquely deter-

mined by a unique G-invariant measure on A°. In what follows, we characterize the regular
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character in the context of the standard supercharacter theory by understanding the measure
which is associated with p; in particular, we provide a criterium in terms of the G-action on A°,

for the regular character to be a supercharacter.

Let 1 denote the unique probability Haar measure on A° (recall that, being an abelian group,
A° is unimodular and the compactness of A° ensures uniqueness). For every k € G, we define

the measure k-1 on A° by

(k-n)(B)=n(k"'-B),  BeHA°);
notice that (k-n)(A°) = n(A°) = 1, and hence k-1 is a probability measure.
Lemma 3.4.8. The measure 1 is G-invariant.

Proof. Letk € G and A € A° be arbitrary. Then, since 71 is A°-invariant, we deduce that
(kem)(A+B)=n(k "-A+k'-B)=n(k "-B) = (k-n)(B), B BA°),

that is, the measure k-7 is A°-invariant. Being a probability measure, the uniqueness of the

Haar measure ensures that k-1 = 1, and thus 7 is G-invariant. [

Consequently, we can consider the corresponding standard super-representation (71, 7"1)

where #" = L*(A°, 1) and
(TTN@NA) =T, (M) f(g™'A), g€GC, feAN LA

Our next goal is to show that (.7, ) is equivalent to the regular representation. In order to
do so, we recall some facts of the harmonic analysis of abelian groups (the details can be found

in [83]).

Since the group A is countable and discrete, we may consider the counting measure dy as
its Haar measure. For every function F : A — C with compact support (equivalently, with finite
support), the corresponding Fourier transform is the function .% (F) : A° — C defined by

F(F)(A) = ZF(a)/l(a), AeA”.
acA
Since F has finite support, its Fourier transform .# (F) is continuous, and therefore measurable;

moreover, if supp(F) = {ay,...,a,}, then
n
[ 1FEPan < Y P [ [2(@)P dn <o,
i=1
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and hence .Z (F) € L*>(A°,n). Due to the fact that functions with compact support form a
dense subset of L?(A,dy), the Fourier transform admits a unique extension to an operator .7 :
L?*(A,dy) — L*(A°,n). Such an operator admits an inverse: the inverse Fourier transform of a

function f € L?(A°,n) is the function .7 ~!(f) € L*(A,d,) defined by

FUN@= [ f@I@dn.  aea,

Furthermore, both .% and .% ! are continuous unitary operators.

Proposition 3.4.9. Given a countable discrete algebra group G = 1+ A (not necessarily amenable).

the linear operator &£ : A" — L*(G,d) given by

2(1)(®)= [ f2)Hg=Tdn, g€,

defines an invertible intertwining operator between the representations (I, ") and (n,L*(G,d))
of G, whose inverse is defined on the functions with finite support F € C.(G) by
LU F)A)= ) F(ei(g—1), AeA”
gcG
Proof. Firstly, we observe that the map ¥ ~! : G — A ( defined by the mapping g — g — 1)
induces a unitary isomorphism of Hilbert spaces 8*: L?>(G,d) — L?*(A,dp). Furthermore, we
have . = .% 10 6*, and hence it only remains to show that . is an intertwining operator. To

see this, let g € G and f € 2" be arbitrary; then, for every & € G we evaluate

2(7M)) W = [ (7)) W) A1) dn
— [ T f(e ARG 1) dn
= [ AMe=1s(s" AAB=1)dn
= [ (2)e= 1SR (eA)(—h+ 1 an
= [ MR =g A =g ht g
= [ F0AETh=T)d
= (®(e)2(1) (h),

as required. O

Consequently, the probability Haar measure 1) on A° fully determines the regular represen-

tation of G. Since supp(1) = A°, Proposition 3.4.6 implies the following immediate corollary.
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Corollary 3.4.10. Let G be an amenable discrete countable algebra group. Then, the regular

character of G is a supercharacter if and only if there is a dense G-orbit in A°.

Hence, the nature of the regular character, as a superclass character, is not intrinsic to the
class of amenable discrete countable algebra groups, but rather to the nature of the G-action. As
explained in Chapter 6, the regular character of the infinite unitriangular group U, (F) is not a
supercharacter; however, the regular character of the locally finite unitriangular group Us.(IF,) is
a supercharacter. Nevertheless, the operators .2 and .Z~ ! always establish an isometry between
L?*(G,d) and L*(A°,n), which is to be understood as a Fourier transform for countable discrete

algebra groups (not necessarily amenable).

3.5 The super-dual space topology

The correspondence between supercharacters of G and G-ergodic measures on A° provides a
fairly good understanding of supercharacters at the individual level. In this section, we study
supercharacters as a single topological object.

For an arbitrary topological group G, its dual object is by definition the set consisting of
all equivalence classes of irreducible representations; however, for non-type I groups, due to
its poor decomposition theory in terms of irreducible representations, the set consisting of all
quasi-equivalence classes of factor representations, called the quasi-dual object, is considered
as dual space. In the context of supercharacters, when G is an amenable countable discrete
algebra group, equipped with its standard supercharacter theory (¢, &), it is only reasonable
to consider & as a super-dual object, since every superclass character decomposes uniquely as
an integral over &. Since the decomposition of superclass characters is obtained via a Borel
measure on &, it seems to be relevant to understand the topology on &. However, the set &
reveals to have some limitations as a dual space; indeed, it may be used to decompose superclass
characters, but this decomposition does not translate into a decomposition of the corresponding

super-representations.

Let C(A°)* denote the topological linear dual of C(A°) equipped with the usual opera-
tor norm. Besides establishing a bijection between C(A°)* and .#(A°), the Riesz-Markov-
Kakutani representation theorem also states that for every y € C(A°)*, with corresponding

measure [ € .# (A°), the operator norm of y equals the total variation norm of y. On the other
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hand, since A° is separable, the unit ball
B={ue.aA): |u| <1}

is Hausdorff and compact for the weak*-topology; thus, based on [39, Lemma 3.101], it is

possible to present an explicit metrization of SClji,(G).

Proposition 3.5.1. Fix a numbering g1,82,-..,8n,--- of G, and define the function
d: SCI',(G) x SCI},(G) = Ry

by

)

1
d(@.¢) =) 5.10(gn) —¢'(g)l,  ¢.9"€SCI(G).

n=1

Then, d is a metric on SClji,(G) which is compatible with the weak*-topology.

Proof. Let ¢,¢" € SCI,,(G) be arbitrary. It is clear that (¢, ¢’) = 0 if and only if ¢ = ¢’. On

the other hand, for every v € SCI}(G), we have

| -

I
(agk

\®]

d(e,y)+d(y,¢) —(lo(gn) = W(gn)| + w(gn) — @' (g1)])

3
[
—
| —

Vv
(agk

\®]

—(|9(8n) — W(gn) + W(gn) — ¢ (gn)]) =d(@,¢"),

3
I
—_

which implies that d is in fact a metric on SCI, (G).
Now, let (¢;);en be a convergent sequence of superclass characters with limit point @; notice

that
loi(g) —o@) < |pi(g)|+og) <1+1=2, ge€G,ieN.

Furthermore, for every € > 0, there is ny € N such that

i 1 < €
n=ngy+1 201 2

On the other hand, there is ip € N such that

no 1

£
. o < S
Z 2,1!(Pz(gn) (p<gn>‘ < 2, 121

n=1

It follows that
d(e;,p) <&, i > ip,
and this means that the sequence (d(@;, @));cn converges to zero.
Conversely, assume that (¢;);c is a sequence in SCI%, (G) such that the sequence (d(@i, @) )ien
converges to zero. Then, for every g € G, the sequence (|@;(g) — ¢(g)|)icny must converge to

zero, and thus (¢;);en converges pointwise to ¢. The proof is complete. 0
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Hence, the following topological properties hold.

SCI%, (G) is compact, Hausdorff and metrizable;

SCl;}(G) 1s second countable (because it is a Hausdorff metric space);

SCl}(G) is separable (because it is second countable, and hence it contains a countable

dense subset);

The space &’ is compact, metrizable, Hausdorff, second countable and separable (because

metrizability, second countability and compactness are hereditary properties).

Furthermore, the geometry of the measure space .#(A°) allows us to use supercharacters

to approximate elements in SClj{(G).

Proposition 3.5.2. The convex hull of & is dense in SCI;}(G). In particular, if & is any

countable dense subspace of &, then the C-linear span of & is dense in SCI',(G).

Proof. Recall that a topological vector space is said to be locally convex if it has a topo-
logical basis consisting of open convex sets. According to [27, Proposition 3.12], for every

Uo € M (A°), every finite family {f1,...,f,} C C(A°) and € > 0, the set

Vi i) = {1 € el | [ g o)

< €, 1§i§n}

is an open neighborhood of iy, furthermore, the family consisting of all this sets is a topological
basis for .#Z;(A°).
Now, we fix Uy € #g(A°) and set V =V, (fi,..., fu:€). Let py, 1o € V be arbitrary, let

t € 10,1], and consider u =ty + (1 — ) up. For every 1 <i <n, we have

<E.

'/Aofi d( — to)

<&  and ‘/Aoﬁd(uz—uo)

Since the set {z € C: |z| < €} is convex, it follows that

([t —po)) + -0 ([ st )| <e

R ‘/Aofid(f.ul—(I—I)N2+fﬂo+(1—1)ﬂo)

<E.

Consequently, 1 € V, and so V is convex. Therefore, we conclude that .Z(A°) is locally

convex.
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Since SCI7, (G) ~ .4 (A°) is a compact subset of .#Z;(A°), it follows from the Krein-
Milman theorem (see [39, Theorem 3.65] for a proof) that //1(5: (A°) is the closed convex hull of
& and that & is dense in SCI7,(G).

On the other hand, if u € .#(A°), then u can be decomposed as
po= (" =)+l —py)

where [,Lji, j = 1,2, are finite positive measures. After normalizing them, the density of the
convex hull of & implies that the C-span of & is dense, and the result follows because & is

dense in &. O

For every superclass character ¢ of G, with associated G-invariant probability measure (L on
A°, there is a unique probability measure ©* on the compact space & ~ Q that fully describes

the decomposition of @ , so that

uz/wadu* and @z/x’tdu*;
Q &

recall that Q = {&*: A € A°}. The measure yu* may be used to define the direct integral of

representations: we set
t :/ F*qu*  and  HM :/ S Ay,
and consider the representation (7%, H*") of G.

Lemma 3.5.3. Let v and U to be two G-invariant probability measures on A°. If v is absolutely

continuous with respect to |, then v* is absolutely continuous with respect to [L*.

Proof. Let v and u to be two G-invariant probability measures on A°. Assume that v is ab-
solutely continuous with respect to i, and let f : A° — Rg denote the corresponding Radon-
Nikodym derivative; notice that, since v and u are G-invariant, the uniqueness of f ensures that
f is a G-invariant function.

Since f is G-invariant, the restriction f‘ o» of f to the orbit closure 0* = G-A, for any
A € A°, must be constant @;-almost everywhere for every ergodic measure @; on O*; let
fA( ﬁl) denote the w,-almost everywhere constant value of f| o+~ We claim that the function

fo- R, defined by the mapping &' Ay f( 0*), is measurable . Indeed, for every B € (A°),
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let Iz denote the corresponding indicator function, and evaluate

vB) = [ La(f () du

_ AO]IB(x)f(x)d( /Q W, du*>
— [, ([ 10 a0y ) au
= [ 7N [ 1wt o) aw
= [ Fo*) w,®)au,

and hence, not only fis measurable, but also this implies that v* is absolutely continuous with

respect to u* with fas the corresponding Radon-Nikodym derivative. [

Proposition 3.5.4. The representation (ﬂ:“* , H“*) contains a subrepresentation which is quasi-

equivalent to any super-representation associated with a measure vV which is equivalent to [L.

Proof. Let ¢ be a superclass character of G with associated G-invariant measure ¢ on A°. For

every g € G we define the vector function Tg : Q — [ a.q A * by
T, (0" =T, e ", LA

Let T denote the C-linear span of the set {T,: g € G}.
Notice that the mapping 0% +— (T(0)|T;,(6*)),, for A € A°, defines a measurable func-

tion; indeed, a continuous function because

<Tg(ﬁk)|Th<ﬁ)L)>l = /AO Thflg dwy = x)U(hilg)a g,heG.

Furthermore, the set {T(6*): T € T} is dense in #*, and thus H*" consists on all vec-
tor functions F : Q@ — [Jj2.q#* such that 6% — (F(60*)|T(6*)), defines a measurable
function for all T € T, where two functions are identified up to a set of zero y*-measure.

Let Hg " be the Hilbert subspace of H*  generated by Tg. Since " (g)T| = T, for all
g € G, we see that T is a cyclic vector of HY *, and thus Hg ’ affords a character such that for

allge G

@ (N[T) = [(TH)TT)du’ = [ M) di’ = ols).
It follows that H*" contains a subrepresentation quasi-equivalent to (T*, 7#H).
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On the other hand, if v is a G-invariant measure equivalent to u, then it is straightforward

to check that the mapping

1/2

dv* *

F (d *) F, FeH
U

defines an invertible intertwining operator HY" — H*, and so the representations (", H"")

and (#*" H*") are equivalent. The result follows. O

Such a phenomena justifies the claim that & cannot be used as a dual space for super-repre-
sentations. Furthermore, it shows how complex the direct integral decomposition of represen-
tations is (because it does not depend on a measure, but rather on the its class of absolutely
continuous measures), and how the relationship between characters and representations can

breakdown when it comes to decomposition.

The uniform topology
Since superclass functions are assumed to be bounded, we can consider SCl  (G) equipped
with the uniform norm: for all ¢ € SCl 4 (G)

l¢lle =supl@(g)l, @ €SCly(G)
geG

This norm induces a topology on SCI 4 (G), which we naturally call the uniform topology:
notice that this topology is a stronger then the pointwise topology in the sense that convergence

with respect to the uniform norm implies pointwise convergence.

Proposition 3.5.5. By identifying SCl - (G) with a subspace of the topological dual C(A°)* (via
G-invariant measures and using the Riesz-Markov-Kakutani theorem), then the uniform norm

coincides with the usual operator-norm of linear operators.

Proof. Let @ € SCl (G) be associated with the G-invariant measure p on A°, and recall that

as a linear functional the operator-norm of u is given by

[tllop = sup
1]l.=1

[ au] =l
AO
Since HTgH =1 for all g € G, it follows that

1@l < lltllp -
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3.5. The super-dual space topology

On the other hand, the operator norm is equivalently given by

i =infle>0: | [ 7a) <l foran 7 € ClA)} = lul(a),

Taking into account that HTgH =1 for all g € G, it follows that

[1llop < inf{c >0: [u(Te)| < c} =[],

and so || 1t|o, = [|@]| as stated.

]

If we restrict our attention to a superclass function associated with a signed measure y with

Hann-Jordan decomposition 4™ — ", then we get
]l = 1T (A%) + 1~ (A%)

(see [17, 3.14] for the details), and this allows us to have a fairly decent understanding of the
distance between two superclass characters of G.

Let ¢; and @, be two superclass characters with associated -invariant measures (; and
Uz on A°, respectively; hence u; and u, are probability measures, and v = u; — U is a signed
measure on A°. Let v = v — v~ be the Hann-Jordan decomposition of v, and let X and X~

be two disjoint subsets of A° such that
Xtux =A° and V(X )=v (XT)=0.
Since v(A°) = 0, we see that
VI =vi@A?) =v (&%) =v (X),
and so
V(X)) =2vF(XT) =v(XT)+v(X7) =vT(A°) + Vv (A°) = [v[(A°).
On the other hand, for every B C Z(A°) we have
2v(B)| =2|v"(B) — v (B)| < 2max{v"(A%),v"(A°)} = vT(A°) + Vv (A°) =|v|(A")
and thus

[ — 12| (A%) = sup {ui(B) — pa(B)}-
BeA(A°)
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Proposition 3.5.6. If A, A" € A° are such that the supercharacters x* and x’l/ are distinct, then

e

(oo}

Proof. Let A, A’ € A° be such that the orbit closures & and 0 are distinct. Since @, and Wy

are mutually singular
2|wy (B) — @y (B)| < 2max{wy (B),w)/(B)} =2, Be B(A°).

On the other hand,
2|y (6%) — o (61)] =205 (6%) =2

and this completes the proof.

O

In this fashion, with respect to the uniform norm, supercharacters are always far away from
each other, and for this reason the topology on & induced by the uniform norm is not very
interesting. In what concerns to viewing & as a topological space, we may use the bijection
between & and the space Q (which is essentially the quotient space G A°, and hence is equipped
with the quotient topology) to introduce a topology on & so that the aforementioned bijection
becomes an homeomorphism. However this would, in general, yield a ill-behaved topology
since the quotient topology may lack “good” topological features: for example, suppose that
there exists A € A° such that the G-orbit G- A is dense in A°; then, the only open set (for the
quotient topology) which contains &* is Q itself, and thus not only Q does not separate points,

but also every sequence (& Aﬂ) neN in Q converges to & A
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Chapter 4

AF-algebra groups and supercharacters

The class of AF-algebra groups is of particular interest as they represent the foremost general-
ization of finite algebra groups.

In what follows we fix a prime number p, and an AF-algebra group G = 1+ A over a field
K of characteristic p; hence, by definition,

G=1mG, = | Gy
neN neN

where {G, },en is a chain of subgroups such that, for every n € N, G,, = 1+ A, is a finite algebra
group (over a finite field K,,) with G, C G,,41 (and where the direct limit is taken with respect to
the inclusion maps). We recall that every AF-algebra group is an amenable countable discrete
group, and thus we may consider the standard supercharacter theory (¢, &) of G. Furthermore,
we also consider each finite group G, equipped with its standard supercharacter theory (%, 4,),
and for every n € N we fix the following notation (which will will use throughout the chapter

without always recalling its meaning):

* (G, will denote the direct product G, X Gy;

* SCl, and SCL} will stand for the sets consisting of all superclass functions and all super-

class characters of G, respectively;

* Q, ={G,-y: y€ (A,)°} will denote the space of G,-orbits, and for every y € (A,)° we
will write 07 = G+7;

* For every g € G,,, we will set Kg(”) = 14 G,,- g to denote the superclass Kg(n) € ., which
contains g, and for every & € Q, we will denote by y ¢ the supercharacter which corre-

sponds to ¢; whenever convenient, we will also use the notation x” for ¥ when y € 0.
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Chapter 4. AF-algebra groups and supercharacters

The standard supercharacter theory of G is intimately connected with the corresponding
standard supercharacters theories of the subgroups G, for all n € N. Indeed, for every a € A, we
may choose the smallest ny € N such that a € A,,), and then the superclass of G which contains

the element g = 14ais

Ke=1+JGua= |J K.

neN n>ng
Therefore, for every n € N the restriction to the subgroup G, of an arbitrary superclass function
¢ € SCl »(G), which we will denote by @y, 1s a superclass function of G,. Moreover, since
&, is a C-basis of SCl,, there are uniquely determined complex numbers m(x?, ¢,) € C, for

O € Q,, such that

on=Y mx?, 0% neN;
oeQ,

if it is non-zero, then the coefficient m(y?, @),) is called the multiplicity of % in @), (to be
accurate, these are the normalized supercharacter multiplicities and they should be denoted by
m(-,-); however, we choose to avoid this heavy notation, mainly because in what follows we will
deal only with normalized multiplicities, and thus there is no risk of confusion). Notice that,
if @ is a superclass character, then so is ¢, and this implies that all its multiplicities are non-
negative rational numbers, for all n € N. On the other hand, due to the fact that G = |,y Gn.
a superclass function ¢ is uniquely determined by the family {(P|n}neN§ for this reason it is
important to analyze the behavior of such restrictions, as we will do in the next section.

We will establish a connection between multiplicities and G-invariant measures (on A°) by
understanding the topological nature of the dual group A°. Furthermore, using an ergodic theo-
rem on amenable groups, it will be possible to derive a finite approximation of supercharacters
in & by finite supercharacters in &, for n € N; this finite approximation property will allow us
not only to comprehend the nature of the multiplicities of supercharacters, but also to establish
an asymptotic formula for them.

On the other hand, for every AF-algebra group there is a graded graph associated with its
standard supercharacter theory, the so-called superbranching graph, which allows us to use the
theory of graded graphs developed by Kerov and Vershik (see for example [90]). The Kerov-
Vershik ergodic method relates superclass functions with measures on the set of paths of the
superbranching graph, making it possible to establish an asymptotic formula for supercharacters
via the Kerov-Vershik ergodic theorem. As it turns out, the Kerov-Vershik ergodic method is

equivalent to the ergodic approach that we developed in the previous chapter. For this reason, we
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will explain the Kerov-Vershik ergodic method, and establish the connection with G-invariant
measures on A°.

Finally, the standard supercharacters of an AF-algebra group G enjoy additional properties
which are analogous to the case of finite groups. In fact, supercharacters may be seen as induced
characters in the following sense: for every A € A°, there are an algebra subgroup L; of G
and a one-dimensional representation (I, C) of L, (hence, 2 is a character of L) such that the
induced representation (in the sense of Mackey) from L, to G is quasi-equivalent to the standard
super-representation (Tl,%” ’l) (which is associated with the supercharacter xl €&).

The induced model for super-representations is essentially free of measure theory, which
allows us to study super-representations without an explicit description of the corresponding G-
ergodic measures. Furthermore, by capitalizing on the algebraic nature of the induced model,
it is possible to present a factorization of supercharacters as a product of “elementary” super-
characters. Such a decomposition is finite and essentially unique in the case where G is finite-
dimensional; on the other hand, if this is not the case, then the factorization may be asymptotic
and in general not unique.

At this point it is worth to mention that, in concrete examples, using the main results of
[30] it may possible to use the induction property to determine whenever a supercharacter is
associated with a representation of type I or /1. This is accomplished in Chapter 6 for the two

types of infinite unitriangular groups in positive characteristic.

4.1 G-invariant measures and multiplicities

The standard supercharacter theory of the AF-algebra group G = 1+ A is determined by the
G-invariant Borel measures on A°, and therefore the understanding of the topology on A° might
provide some insight on the behavior of the supercharacters of G.

Since

1+A= li_n;(l +A,) ~ 1+li_n>1An,

neN neN
we may realize the abelian group A as the direct limit

A= l;ngAn,
neN

where the direct limit (taken with respect to the natural inclusions A, < A1) is considered in

the category of topological abelian groups. On the other hand, in this category, we clearly have
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Chapter 4. AF-algebra groups and supercharacters

A° = Hom(A,S') where S! denotes the complex unit circle. Since the restriction functor is the
adjoint of the inclusion functor, it follows that

A° = Hom(liﬂAn,Sl) ~ @Hom(An,Sl),

neN neN

where the inverse limit is taken with respect to the restriction maps Res/ ™! : A°

[e]
" ni1 — Ay There-

fore, for every n € N, the n-projection Res, : A° — A, is simply the restriction of characters,
and the pointwise convergence topology on A° coincides with the inverse limit topology, which

implies that A° is a compact, totally disconnected Hausdorff space. For simplicity, we write
. n+1
®, = Res," (a), o €At

and similarly

)L|n = Res, (1), A €A,

moreover, we consider the topological basis of clopen subsets (that is, subsets which are both
o

open and closed) consisting of all cylinders: the cylinder associated with n € N and y € (4,)°,

is the set

[VIn={A €A”: A, =7}

Lemma 4.1.1. Every Borel measure on A° is fully determined by its values on cylinders. Fur-
thermore, a sequence of measures (U )nen weak*-converges to a measure U if and only if, for

everyn € N,
lim p,([7]n) = 1([Vla), Y€ (An)°, nEN,

m-—yoo

Proof. Since every cylinder [y],, for ¥ € (A,)° and n € N, is a clopen set, the corresponding
indicator function th]n 1s continuous; moreover, the set {]Im": Y€ (4,)°, neN } separates
points of A°: if A,A" € A° are distinct, then there must exist n € N such that 4, # (')}, and
consequently

]I[Mn]n (A) =1 and ]Iwn]n (l/) =0.

On the other hand, since cylinders are either disjoint or one is contained in the other, it is clear
that for every n,m € N, every v € (4,)°, and every o € (A,,)°
L, ifn<mandoy, =7,

Iy Leg, =
0, otherwise;
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4.1. G-invariant measures and multiplicities

consequently, the C-linear span of the set {]Imn tY€e(Ay)°, ne N} is a unital C*-subalgebra of
C(A°) with unit I ;g , and in virtue of the Stone-Weierstrass theorem it is a dense subalgebra of
C(A®).

To conclude the proof it is enough to identify the topological dual C(A°)* with the space of

measures on A°. O]

Let g € G be arbitrary, and let n € N be such that g € G,. Then, the function 7, can be

written as the sum

T,= Y, v(g—Dly,,
YE(AR)°

and thus for every measure {t on A°
/O Tpdu= ), v(g—u([l).
A re(An)®
In particular, if ¢ is a superclass function of G associated with a G-invariant measure (, then

w(vln) = u(laly), acd? ye(A,)°

and so

Todu=Y () a@-D)u(y.) =Y 10" u(¥.)2"(g),

A veln aed? yel
where ', C (A,)° is a complete set of representatives of Q,, (so that Q, = {07: y€T'}). There-

fore, we get a relationship between multiplicities and G-invariant measures, namely,
m(x", @) =107 |u([Yln),  vE(An)°.

(In this sense, the G-invariant measure ¢ encodes the multiplicities of the restrictions of ¢ to
the finite subgroups G, for n € N, which “approximate” G.)

For every A € A° (and every n € N) we define the set
(1w ={A},: A €G-2},

and we notice that

=N ( U )

neN }’E(Sk)n
Consequently, if A,A’ € A° are such that G-A # G-A’, then
ot =0 = (§M), = (S’V)n foralln € N;

in this sense, if this condition holds, then we may say that the G-orbits G-A and G-1' are
“locally equal”. On the other hand, if 1,1’ € A° are such that O* # O* , then there are n € N
and ¥ € (A,,)° such that, either y € (S%),\ (S*), or y € (S*)\ (§*),..
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Proposition 4.1.2. Let A € A°, and let y € (A,)° for n € N. Then,
mx', (X)) £0 = FC (M)

Moreover, if A,A' € A° are such that ot # @W’ then there are n € N and y € (A,))° such that

one of the following exclusive conditions hold:
m(x", (X*)n) # 0 and m(x?, (x*),) =0, or

* m(x?,(x*))n) = 0 and m(x?, (x*)) #0.
Proof. Ttis clear that, if y ¢ (S*),, then @; ([y],) = 0. On the other hand, assume that y € (§),.
For every m € N, we define the set

xX,)7 = {ae(An): o, =7}, ifm>n,

0, otherwise,

and let

=N U ymm)ﬁl\mn;

neN 2y e(51)n\ (Xm)
notice that F, is a closed subset of A°. If @, ([y]n) = 0, then @, (F,,;) = 1, and since F,, is closed
this means that

0™ = supp(@y) C F,

a contradiction. Therefore, w; ([y],) # 0, and thus the first assertion of the result is proved
(because m(x ", (x*)n) = 67|02 ([¥n) # O).

For the second assertion, let A, A’ € A° be such that oV + 0. Then, thereis n € N such that
($*), # (S*),, and without loss of generality one may assume that there is ¥ € (S*),, \ (S* ).
This implies that

m(x",(x")) #0  and  m(x?,(x*)) =0,

which completes the proof. [

For every A € A°, the corresponding G-ergodic measure @, is, in a way, determined by the
sets (S7L )n for n € N; however, the relationship between the supercharacter x’l of G and the finite
groups G, n € N, is deeper. Indeed, we can use supercharacters of these finite subgroups of G
to approximate xl. In order to explain this, we need a pointwise ergodic theorem for amenable

groups.
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Recall that a countable discrete group ¢ is amenable if it admits Fglner sequence, that is, a

family {F, },cn of finite subsets of such that

F,A(gF,

=0, € G,
e |Fy| &
where A denotes the symmetric difference of sets; a Fglner sequence {F;},cn is said to be

tempered if there is a constant C > 0 such that

UFk_anJrl §C|Fn+l|a neN.

k<n

According to Lindenstrauss [69, Theorem 1.3], the following result holds.

Theorem 4.1.3 (Lindenstrauss pointwise ergodic theorem). Let & be a countable discrete
amenable group acting on a probability space (X, L), and suppose that the measure | is G-
ergodic. If there is a tempered Fplner sequence {F,},cn, then for -almost every point x € X
and every f € L'(X, 1)

Y (g-f)(x) = lim

. 1
lim
gan n—eo |Fn |

n—vee | Fy|

Y (et = [ rau

gcku

Since the group G admits the tempered Fglner sequence {G,, },,cn, Lindenstrauss’ pointwise

ergodic theorem, allows us to prove the following.

Proposition 4.1.4 (Finite approximation property). Let A € A°, and for every n € N let xl‘” €é,

be the supercharacter of G, which is associated with Ay, € (A,)°. Then,

lim x*(¢) = x*(¢), g€G.

n—yoo

Proof. For every k € G, let Xk be the set consisting of all characters y € A° such that

Y Tg(k_l-x):/ T, dwy,.
AO

€Gy,

lim
N—oo |Gn| K

According to Lindenstrauss’ pointwise ergodic theorem, for every k € G the set X has full

®; -measure, and thus the intersection

X=X«

also as full w, -measure; without loss of generality, we may assume that A € X.
Let
Stab,, = {k € Gy: kl‘n = )v\n}
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be the stabilizer in G, of A, € (A,)°, so that |G, | = |Stab,||G-A;,|. Then,

1 1
— (k‘l A) = {(keG,: kA, =7} y(g—1).
On the other hand, since

[{k € G,: k-4, = 7}| = Stab, |, Y€ Gy, n €N,

we conclude that
lim % (g) = lim / T, dwy,
oo e |G l\"| yeG /l

which completes the proof. 0

Notice that the approximation of the previous proposition does not depend on A due to the
“local equality” of G-orbits with closure equal to ﬁ’l, that is, if A’ € A° is such that the closure
of G-\’ equals &*, then

G A | 7L|n YGGZA, e) =) 8€C
In this sense, the finite standard supercharacter theory of the finite groups G,, for n € N, de-
termine the nature of the supercharacters of G. Furthermore, the supercharacters of G can be
understood as asymptotic objects, and this makes it possible to establish an asymptotic expres-

sion for the multiplicities of supercharacters.

Lemma 4.1.5. For every o € (A,+1)° and every vy € (Ay)°, the multiplicity of X" in the restric-
tion (X%) |, of x* to Gy is given by the formula

(. (2 Y) = {51 1B < 0% B =1,

Proof. Let us consider the set

Sy={B€0”: B.=71h
we note that k-Sy = Si., for all k € Gy, and thus we may write S instead of Sy where 0 eQ

is such that y € 0. For every g € G,, with g = 1 +a for a € A,, we deduce that
1

(x*)u(e) = ‘ﬁa‘ Y, Bu(a)
Beo*
oeQ,yel
4 o
= Selx” (8);
R
recall that ¢ = x¥ for all & € Q, and all y € &. The proof is complete. U
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As a consequence of Proposition 4.1.4 we obtain the following.

Corollary 4.1.6. Let A € A°, and let ¥ € Q,, for some n € N. Then, the multiplicity of x" in the

restriction ( )()“)|n of x* to G, is asymptotically given by the formula

. |o7
m (i (")) :,ilillo|’ml| oot a, =1},

To conclude this section, let A € A° be associated with the G-ergodic measure @, . As we

remarked before, for every y € (A,)° we have

m(x?, (X)) = 1670 ([¥]n)-

Consequently, in virtue of the previous corollary, we conclude that

)

- Hae Mo, =1}
n) =1
@, ([Y]n) = lim_ o

and thus we may say that the value @ ([}],) is the “average” over all elements A’ € & A satisfy-

ing 7L|’n =Y.

4.2 The superbranching graph

One of the main features of AF-algebra groups is the existence of a canonical graded graph
associated with its standard supercharacter theory; this will be called the superbranching graph.

The works of Elliott [37] and Bratteli [26] allowed a combinatorial description of the struc-
ture of locally semisimple C*-algebras through what is now known as Bratteli diagrams; later
Kerov and Vershik, in the context of the character theory of the infinite symmetric group S,
pioneered in [93] an ergodic-combinatorial approach by using Bratteli diagrams in order to
introduce the language of dynamical systems into the representation theoretical framework of
AF-groups.

In a more general context (see, for example, [25,90]), if
GoCG C-CG,C--

is a sequence of finite groups, then the restrictions of characters of G, to G, determine a
graded graph, which is called the branching graph, and the Kerov-Vershik ergodic method al-
lows to formulate the character-theory of the direct limit

G=1mG, = J G,

neN neN
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in terms of invariant measures on the path space of the branching graph. In this setting, extreme
characters are in correspondence with Gibbs measures (which are ergodic in a certain sense; we
refer to [90] for more details and references therein).

A similar approach can be (to a certain extent) adapted to deal with the supercharacter theory
on a AF-algebra group. A particular supercharacter theory of the locally finite unitriangular
group U, (F,) (known as the uncolored supercharacter theory), briefly described in Chapter 5,
was completely described in this manner by André, Gomes and the author in [8].

In what follows, we give a brief introduction on the subject with the purpose of connecting
the main concepts with our ergodic setting. Our main reference is the book [25] (Chapter 7)

since it presents a very concise and structured survey of the existent literature.

4.2.1 Graded graphs and Gibbs measures

Let I' be a graph and denote by V and E the sets consisting of all vertices and all edges of I,
respectively. Following [25], we say that I" is a graded graph if the following conditions are

satisfied:
* V is countable and is partitioned into levels T, for n € N, in which T'y = {0} is a singleton;
* There are edges only between consecutive levels and multiple edges are allowed;

* For every vertex v € I', with n > 1, the set of edges {(v,u) € E: u € V,,;1} is non-empty

and finite.

Most of the times we shall identify a graded graph I" with its set of vertices | J,,cnI'». Notice
that, if for all n € N the set I';; is finite, then I is a Bratteli diagram; while we shall only deal
with Bratteli diagrams, we have chosen to refer to them as graded graphs to be coherent with

the language of [25].

Example 4.2.1. One of the most prominent graded graphs in representation theory is the Young
graph Y: for each n € N the n''-level of vertices is Y, the set consisting of Young tableaux with
n boxes, and there is a single vertex between A € Y,, and u € Y, if and only if i is obtained
from A by adding one box. The Young graph encodes the (non-normalized) multiplicities of the

restriction of irreducible characters of S, to S,;; for more details we refer to [25].
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We write v u to denote that there is an edge between v € I';, and u € I';, |, and by a
finite path of length n on I’ we mean a sequence of vertices vy " v; /- 7 v, such that
v; € I'; for 0 < i < n; similarly, we define an infinite path on I" to be an infinite sequence
vo, *vi - v, -+ such that v; € T for all i € Ny. The set consisting of all paths of
length n will be denoted by 7,,(I") and the set consisting of all infinite paths by 7'(I'); if there is
no risk of confusion, we omit the graph I' and simply write 7;, and T to denote the sets of all
finite and infinite paths on I, respectively.

There are natural projections pﬁ“ : 1,41 — T, for n € Ny, which are defined by simply
forgetting the ending edge of the path, and it is clear that with respect to those projections 7 is
the inverse limit

T = @Tn,
neN

and that for every n € Ny the canonical projection p, : T — T, simply forgets all but the first
n-edges of the path. The set T is then equipped with the inverse limit topology whose cylinders
form a base of clopen sets; recall that for every u € T;,, n € Ny, the corresponding cylinder is the

set
o= {t € T: palt) = u}.

Similarly to Lemma 4.1.1, using the fact that cylinders are clopen sets and that the cor-
responding indicator functions span a dense subset of continuous functions, the following is

true.

Lemma 4.2.2. Any (Borel) measure on T is fully determined by its values on cylinders. More-
over, a sequence (M) nen of measures on T weak*-converges to a measure M if and only if for
any cylinder [u],, n € Ny, we have

im M, ([u]n) = M([u]n)-

n—yoo

A measure M on T is said to be a Gibbs measure ( Gibbs measures are called ergodic in

the works of Kerov and Vershik due to their connections with dynamical systems; see [90] for
more details) if for every two finite paths t =u; -+ S up and ' =u}y S --- /uj, ending at

the same point (that is, such that u,, = u},)
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For every two vertices v € I';, and u € I, for some n,m € Ny with n < m, we define the
relative dimension, denoted by dim(v,u), as the number of paths starting in v and ending in u;
for simplicity, we set dim(v) = dim(@,v), and notice that

dim(v) = ) dim(u)dim(u,v).
u v
Foreveryu € I'y and v € I, 1, for n € Ny, we define

n1 () — dim(u) dim(u, v)
An” () dim(v) ’

and we say that a family of measures {M, },cn, where M), is a measure on I, for all n € N, is
a coherent system on I' (in [25] the term coherent system is reserved for families of probability
measures; however, this restriction is not needed) if for every n € N
My AT =M, — Z M1 (VA (u,v) = My (1), ueT,.
vely4
The set consisting of all families of coherent systems of probability measures will be denoted
by #(T); it is a Choquet simplex and the corresponding set of extreme points is called the

boundary of T, and is denoted by JT".

Proposition 4.2.3. There is a correspondence between Gibbs measures on T and coherent
systems on . In particular, there is a bijection between probability Gibbs measures on T and

probability measures on dT.

Proof. Let {M, },cn be a coherent system, and for every patht =vo -+ "v, €T, n €N,

define a measure M on T by setting

_ M, (Vn)
dim(v,)’

M([t])

It is straightforward to check that M is a Gibbs measure on 7. Conversely, for every Gibbs

measure M on T, we define a measure M,, on I';;, for n € N, as follows: for every v € I,
M,(v) =dim(v)M([t],),

where ¢ € T, is any path ending at v. One can check that {M,, },cn is a coherent system on I
The rest of the assertion follows from the fact that JT is the set consisting of all indecom-

posable coherent systems of probability measures on I'. [

The cornerstone of the theory of Gibbs measures on graded graphs is the Kerov-Vershik

ergodic theorem (see [25, Theorem 7.17]).
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4.2. The superbranching graph

Theorem 4.2.4 (Kerov-Vershik ergodic theorem). Let {M,, },cn € dT with corresponding Gibbs

measure M. Then, for M-almost every path t = (v, )nen the following limit exists for everyv € I,

lim S ()
m—eo dim(vy, )

dim(v,vy,) = M, (v).

An important application arises in the classification of indecomposable characters of the in-
finite symmetric group S..: each probability Gibbs measure on the Young graph Y determines a
unique indecomposable character of S.., and it follows from the Kerov-Vershik ergodic theorem
that for every indecomposable character & of S. there is at least one sequence (&,),cn, Where

&, is an irreducible character of S, such that

lim En(g)
n—e &, (1)

For all the details on the proof, we refer to [25,93]. We also mention that an analogue result is

=&(g), g€ S

true for groups obtained as direct limits of finite groups; the formalism and proofs can be found

in [90].

4.2.2 The superbranching graph and multiplicities

For a fixed AF-algebra group
G:1+A:H3Gn, G,=1+4+A,,neN,
neN
we define the superbranching graph I' =T'(G) as follows: for every n € N we set I, = Q,, and

there is an edge & * 0’ whenever there is @ € ¢’ such that Q), € 0 in particular, we have
« dim(0,0") = |{a € 0': oy, € O}| forall 0 €T, all ¢’ €Ty and all n € N;

» dim(0) = |0|forall ¢ €T, and all n € N.

On the other hand, the operator AZ“, for n € N, has a familiar form: for every & € Q,, and

every 0’ € Q,. 1, we have

o /
N0.0) = 7 e 0 oy e 0)| =m(x” (1)),

The relationship between the sequence {A"*!}, .y and the the multiplicities of the restricted
supercharacters allows us to relate superclass characters of G and Gibbs measures on the path

space T =T (I') of T.
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Proposition 4.2.5. There is an affine homeomorphism between Gibbs measures on T and su-
perclass functions of G. Moreover, the set of probability Gibbs measures on T is affinely home-

omorphic to the space of superclass characters of G.

Proof. Let M be a Gibbs measure on T with corresponding coherent system {M, },c y. For

every n € N we define the superclass function ¢¥» : G, — C by

oM = Z Mn(ﬁ»Cﬁ
0eQ,

Since {M,,},cn is a coherent system, we deduce that

(@)= Y Myt (6

ﬁlegn+l

= Y Ma(0) Y N(0,0)20
€00 e,

= Z Z Mn+1(ﬁ/)/\z+l(ﬁ,ﬁ/)xﬁ
0€Q, 0'eQp iy

= Y M(0)27 =™,
oeQ,

and thus the sequence { @™}, cy uniquely determines a superclass character @™ : G — C such

that

On the other hand, if ¢ is any superclass character of G, then for every n € N we define the

measure (M?),, on Q, by
(M), () =m(x?, 9p), 0.
For every n € N and every 0 € Q,,, we see that

M) (VAN G, 0 = Y m(x? o) m(x?. (X))
ﬁ/EQ,/H_] ﬁ/GQn_H

=m(x”,¢,) = (M®*)u(0),

which means that {(M?), },cn is a coherent system on I'; we denote by M? the corresponding
Gibbs measure on 7.
If ¢ and ¢’ are distinct superclass functions of G, then there is n € N such that O F (p|’n, and

so there is x € &, such that m(x, @|,) # m(Xn, q)‘/n), which implies that the mapping ¢ — M?
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4.2. The superbranching graph

defines an injective map. Furthermore, the mapping M — @M clearly defines the inverse map,
and thus the superclass functions of G are in bijection with the Gibbs measures on 7.
Let (™), is a convergent sequence in SCI , (G) with limit point ¢ € SCl (G). For

every n € N and every y € &, we have

lim m(x, ((p(m))|n) = m(%yq)\n),

m-—oo

and thus for every cylinder [t],,t € T,, n € N, we get

lim M) ([t]n) = Mo ([t]n).

m-—yoo

Conversely, if (M (m) )meN is a convergent sequence of Gibbs measures on 7' with limit point
M, then for every cylinder [t],, t € T, n € N, the sequence (M () ([£] ), < 18 convergent with
limit M([t],), which means that if 7 is the pathr = ) -+ 7 X, then

i m (s 0}) = (i (9.

M)

and thus the sequence (qo is convergent with limit @¥. In this fashion, we conclude

)mGN
that the set of superclass functions (with the pointwise convergence) is homeomorphic to the
set of Gibbs measures (with the weak* convergence).

Furthermore, it is clear that SCl}(G) is mapped onto the set of probability Gibbs measures

on T and that the correspondence above defines an affine homeomorphism. [

In conclusion, a Gibbs measure on 7' (or equivalently a coherent system on I') essentially
encodes the multiplicities of the various restrictions of the corresponding superclass functions
to the finite levels G,,.

Since Gibbs measures are “the same” as superclass functions, which in turn are “the same”
as G-invariant measures on A°, we shall refer to an indecomposable probability Gibbs measure
as a G-ergodic Gibbs measure on T .

Let M be a G-ergodic Gibbs measure on 7' with corresponding coherent system {M, },cN
and supercharacter ¥ . The Kerov-Vershik ergodic theorem states that for M-almost every path

t =(On)menin T and every 0 € Q,, n € N,

lim ﬁ|{OCE Om: @y € O} = M,(0);

m—eo | Oy

in particular, we see that

: Om _ M
Jim 2% =",
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Chapter 4. AF-algebra groups and supercharacters

This is quite evocative of Proposition 4.1.4; indeed, it is the same phenomenon phrased in
different settings.

Now, let ¢ be a superclass function with corresponding G-invariant measure ¢ on A° and
Gibbs measure M on 7. For every n € N, every v € (A,)° and every t = (0})1<j<, € T" with
U, = 07, we have

m }’7 n n
1([vln) = ()ycm(ym ) _ M‘éf‘y) = M([t]).

Finally, for every A € A°, let M* denote the G-ergodic Gibbs measure on T which is asso-

ciated with the supercharacter y* of G. Then, for every y € (A,)°

m(x’, (")) = 10 M* (M) #0 = e (M),

and therefore the set

T" = {(O)pen €T O, C (S),}

has full M*-measure. As consequence of Kerov-Vershik ergodic theorem, it follows that there

is at least one path r = (&, ),en € T? such that

Oy A

lim y“" = x".

n—oo

It is obvious that we may choose a sequence (¥,)en such that ¥, € 0, and (Y1)}, = ¥, for all
n € N; thus, we see that this sequence is convergent and that its limit A’ = lim,,_,.. };, satisfies
0* = ¢*. In conclusion, the Kerov-Vershik ergodic theorem is nothing more than the finite

approximation property established in Proposition 4.1.4.

4.3 Supercharacters as induced characters

In this section, for every standard supercharacter y*, A € A°, of an AF-algebra group
G = lim Gy,
neN

we provide an induced representation which is quasi-equivalent the standard super-representation

(7 A I 7‘), which should be understood as an analogue to [33, Theorem 5.4].

Let H C G be a subgroup (which is necessarily an open subgroup), consider the quotient
G/H equipped with the quotient topology it is a discrete countable topological space (in a more

general setting, the quotient of a second countable group by an open subgroup is always a
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4.3. Supercharacters as induced characters

countable discrete topological space). Let (7,%/) be a unitary representation of H, following

[58], we define the induced representation from an open subgroup (in the sense of Mackey)

Indgj (¢, %) = (1%, %)

as follows:

» %Y is the vector space consisting of all functions f : G — % satisfying

flgh)y=1t(h""f(g), g€G, heH,

and such that

Y, 7@ <o

gHeG/H

» the inner product on % © is defined by

(Al =Y fA@rAE), AHre

gHeG/H
» the G-action on % ¢ is given by
(%)) =fg'x),  gxeG, feu”.

We observe that, if f : G — % is such that f(gh) = t(h~!) f(g) forall g € G and all h € H, then
the sum Yoprc/m || f(8) 1% is well defined: if g1,g» € G are such that g;H = g>H, then g| = goh

for some i € H, and thus

IFGgn)ll = [lv(h~") £ (2) || = £ (82)]

because the linear operator 7(h~1): %/ — % is unitary.

In what follows Mackey’s imprimitivity theorem (see, for example, [58, Proposition 3.17]

for a proof) is paramount.

Theorem 4.3.1 (Mackey’s imprimitivity theorem). Let (.7, 5 ) be a unitary representation of
G, and let H be a subgroup of G. Assume that there is a *-homomorphism A : Co(G/H) —
B(47) (that is, an algebra homomorphism such that A(f*) = (A(f)*), where Co(G/H) denotes
the complex vector space consisting of all continuous functions G/H — C with compact sup-

port, and B(F) denotes the group consisting of all bounded linear operators of F, satisfying
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s T()Af)T(g7") = Algf) for all g € G and all f € Co(G/H) (as usual, we define
gf € Co(G/H) by (gf)(x) = f(g~'x) for all x € G/H);

* A(Co(G/H)) S is dense in F.
Then, (7, ) is equivalent to the induced representation Ind$(c,% ), where

U ={A(l)v:ve X} and o(h)é=T(h)E, heH,Ecv.

We observe that, in our situation, since G = 1 + A is a discrete group any subgroup H is
an open subgroup, furthermore, Co(G/H) is simply the set consisting of all complex-valued

functions on G/H having finite support.

Now, we fix A € A°, and define
Ly={geG:gA=41} and [(h ={acA: A(ax) =1forallx € A}.

Notice that [; is a left ideal of A, and that L) = 1+ [;; in particular, we see that the map
i : Ly — C given by

Ah)=A(h—1), hely,

defines a one-dimensional unitary representation of Ly (hence, a character of L) ); indeed, for

every a,b € L; we evaluate

A((14a)(14b)) = A(a+b+ab) = A(a)A(b)A(ab)
= A(@)A (D) = A(1+a)A(1+D).

Finally, we define (7*,V*%) to be the induced representation
Ind¢ (1,C);

our next goal is to show that the representations (.7*,.*) and (7*,V*) are quasi-equivalent.

In order to achieve this, we need the following preliminary result.

Lemma 4.3.2. For every A € A°, the closure AG of the right G-orbit AG C A° has non zero

W, -measure.
Proof. We fix A € A°, and recall that
(S*)n={up: H€G-A}, neN
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For every n € N, let
Xo={ln: 1L €AG} and Y, = (5, \ X

notice that

Ez@( U [7]n>,

yeX,

“~(a(ym)un(y)

and so 0* \ AG is a closed set. Consequently, if @; (AG) = 0, then

and that

supp(y) = 04\ 2G,
a contradiction. ]

Since @y (AG) # 0 and w;, is a G-invariant measure, we conclude that for every g € G the

set g(AG) = g(m) has non zero @, -measure. Moreover, since (J,c8(AG) is a G-invariant
set of positive @, -measure, the ergodicity of @, implies that

wA(UM):I.

geG

Proposition 4.3.3. For every A € A°, the representations (n*,V*) and (T*,5*) of G are

quasi-equivalent.

Proof. Let A € A° be arbitrary; for simplicity, we set L = Ly and (.7, %) = (T*,.#*). For
every goL € G/L, we consider the Dirac function &,z : G/L — C; note that Co(G/L) is the
C-linear span of the set {J,.: gL € G/L}. By linear extension, we may define the map A :
Co(G/L) — B() by the rule

A(égOL)(f>:HgOTGf7 gOLEG/L7 fet%,

for simplicity, we write Ag); = A(8g,1) for goL € G/L. It is straightforward to check that A is a
*x-homomorphism.
We next show that the set {Aq 1 f: goL € G/L, f € 5} is dense in JZ. Let g1,...,8n,. ..

be a family of pairwise distinct elements of G such that
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For every g € G, let Tg/ denote the restriction of T, to the union | J;c\y gi4 G, and notice that since
Uien 8iA G has full w) -measure, the images of T, and Tg’ in J¢ are equal. For every n € N and

every 1 <i<n,let
ol = [{1<j<n:j#i g AGNGAG #0}|.
For every g € G, we define
1

1) = ¥ —olgaa() T, weA”
=1 Y

we note that the sequence (Tg("))n cny 18 pointwise convergent with

lim 7" = T.

N—oo 8

On the other hand, we have
T (w) <1, neN, peA’;

since the function constantly equal to one is measurable and ®, -integrable, the dominated con-
vergence theorem [17, Theorem 2.8.5] implies that the sequence (Tg(n))n oy converges in G
with limit

lim T, = T, € .

n—oo
It follows that the closure of {A,rf: goL € G/L, f € S} contains a dense subset, and this
implies that {A, 1 f: goL € G/L, f € 7} is dense in J7.

Let g € G and let f € 7 be arbitrary. For every u € A°, we evaluate

(T(2)AgorT (87 )f) (1) =Ty(1) (Mg T (g™ ) f) (g 1)
= Ty(W) Lg(e ') Ty (7' 1) (1)

—Tg(e ' 1) (1) = Tya(n) f(1)
= (AggoLf> (AL")?

and thus, according to Mackey’s imprimitivity theorem,
(7,50) ~nd§ (0, %),
where

U={Lsf: feA} and  (0(g)E)(u)=T(n)&(g 'n), gL EcU, ueA’.

86



4.3. Supercharacters as induced characters

Finally, let § =I;sf € % , f € #, and let g € L. Since g 'A = A, we see that

gu=p and p(g-1)=2A(g-1), peiG.

Therefore, for every u € A° we have

Alg—1 . ifx€AG,
(6()E) (1) = Ty(1) Trg(g ') f(g ') = (g=1)f(1) S

0, otherwise.

It follows that 6(g)& = A(g)&, and hence the representations (A,C) and (o,CE) of L, are
equivalent. On the other hand, (0,% ) is a direct sum of cyclic representations (see [35, 2.2.7])
each one of them equivalent to (4,C), and so (4,C) is quasi-equivalent to (o, % ). Therefore,
(7 A 7‘) is equivalent to a direct sum of representations each one of them equivalent to

(m*,V*), and this implies that (Z*, %) is quasi-equivalent to (7*,V*%), as stated. N

In this fashion, we can think of the representation (71:)L ,V’l) as a linearization of the repre-
sentation (.7 * H ’1) of G, and since A is in fact a character of L, , the supercharacter xl may be
understood as the resulting induced character. Moreover, the representation (7r;L , Vl) does not
depend on the measure @, , and hence properties of the supercharacter x* may be extrapolated
(at least in theory) without a description of the corresponding G-ergodic measure on A°.

This induction property strengthens the claim that the standard supercharacter theory is a
cruder version of Kirillov’s orbit method, since in the case of nilpotent Lie groups (which are
tame), irreducible representations are induced from one-dimensional representations of suit-
able subgroups (see [63] for all details); we also observe that, just as in the case of nilpotent
groups arising from a rational Lie algebra, factor representations are also induced from linear

representations (we refer to [31]).

4.3.1 A factorization of supercharacters

Let G = 1+ A be an AF-algebra group over a field K , and consider the unital K-algebra .o/ =
K@ A, so that we can naturally identify G with the subgroup of all unipotent elements of .o7.
Furthermore, the right G-action on A° admits a natural extension to a right ./'-action: for every

a=o+ac o/, witha € Kanda € A, and every A € A°, we define Aa € A° by

(Aa)(x) = A(ox+xa), XEA;
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hence, we may consider the right (cyclic) .«7-module A.<7. It is the algebraic nature of this right
</-module 4.7 that determines the factorization of the supercharacter x* asa product of other
supercharacters.

Recall that two idempotents e, e, € End ./ (A.o7) are said to be orthogonal if eje; = eze) =

0.

Proposition 4.3.4. Let A € A° be arbitrary, and consider the right o/ -module Ao/ . Assume that
there are two non-trivial orthogonal idempotents ey, e, € End /(A7) such that Id = ey + €. If
Al =e1(A) and Ay = ex(A), then
1= M
Proof. We first prove that Ao = 4./ & A7 . Clearly, A< + A2/ = A<Z. On the other hand,
let a € & be such that Aa € .o/ N A7, and let a;,a, € &7 be such that Aa = A1a; = La,.
Then,
Aa=¢(La)+ey(Aa) = e (Aray) +ex(Aiay).

Since e; and e; are orthogonal, we have ej(A,a;) = ejez(A)ay =0, and similarly e;(A1a;) = 0.
It follows that Aa = 0, and thus 4.2 N A,.<7 = 0 proving the claim.

For every M C A and every N C A°, we define
Mt ={yecA°: y(m)=1forallme M} and N'={acA: y(a)=1forall yeN}.

Leti=1,2, and let x € (A;&/)*. Then, A;(xa) = 1 for all a € A, and so (A;«/)* C [;.. On the

other hand,
A={0}" = (M Nl )" = (M) + (M) Ch +1, CA,
and thus [;, +1[;, = A. Since both [; and [, are left ideals of A, it follows that
Ly Ly, =141+, =1+A.

On the other hand, we clearly have L) = L; NL,, and 2= (’:Cl)ILz ® (7?2)|L1. According

to [72, Theorem 7.2], we conclude that
(wh vh) = (v @ (a2, vh),
and this implies that (7%, #*) is quasi-equivalent to
(TM,L2(A°, @y,)) @ (T2, 1A%, 0p) = (TM x T2, 120" x 6%, 0y, @ @,)).
Therefore, xl = xll xlz (see [35, Proposition 13.4.9]), as required. OJ
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For every A € A°, there are two non-trivial idempotents in End ./ (A.27) which decompose
the identity if and only if the right .«7-module A.o7 is decomposable; if this is not the case (that

is, if A&7 is indecomposable), then we shall say that the supercharacter xk is elementary.

Corollary 4.3.5. Let A € A° be arbitrary. If the right <7 -module A< is completely decompos-

able, the supercharacter %/l admits a unique factorization as a product of supercharacters

2= M

where Ay, ..., Ay € A° are such that A;.7, for 1 <i<m, are indecomposable submodules of A</

and

Ad =M D DA .

In particular, if G is finite dimensional (that is, dimg (A) < o), then every supercharacter admits

an essentially unique factorization as a product of elementary supercharacters.

Proof. If the «7-module A.o/ is fully decomposable, then it can be written as a finite direct sum
Ad =MA DDA

of indecomposable submodules where A;,...,A, € Ao/ are such that A = A; +--- + A,.

On the other hand, if G is finite dimensional then it is straightforward to check that the .o7-
module A.o7 is both Artinian and Noetherian, and so, according to the Krull-Schmidt theorem,
the decomposition above is essentially unique. The result follows by the previous proposition

using an inductive argument on the dimension of A. 0

In this sense for a finite dimensional discrete algebra group there is a canonical factorization
of supercharacters as a finite product of elementary supercharacters. The infinite dimensional
case is much more sensitive: it may happen that a right .</-module A.<7, for A € A°, is not
completely decomposable, that is, the identity Id € End ., (A.27') might be written as an infinite
sum of non-trivial pairwise orthogonal idempotents and, if any of the summands is not primi-
tive, then the decomposition can be refined and this will lead to an ill-behaved factorization of

supercharacters (it is asymptotic in nature and may not be unique).

Corollary 4.3.6. Let A € A° be arbitrary. If the right </ -module A< is not completely decom-
posable, then there is at least one family (e;);cn of non-trivial pairwise orthogonal idempotents

such that id = ey +---+ e, for all n € N and such that
Ay TT oA
= m 12
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where A; = e;j(A) for all i € N.

Proof. If A.<7 is not completely decomposable, then there are at least two non-trivial orthogo-
nal idempotents e;,e; € End,/(A.o7) such that Id = e; + e, which implies that y* = y* y»
for A} = e;(A) and A, = e3(A). Since A.o/ is not completely decomposable, at least one of
these idempotents is not primitive, and thus it can be decomposed as a sum of two non-trivial
orthogonal idempotents which will refine the previous factorization. The result follows by an

inductive argument. 0

This difference in behavior highlights how the algebraic anatomy of the algebra group influ-
ences the supercharacter structure. Heuristically, just as the regular representation, this shows
that properties of the standard supercharacter theory do not depend on the class of discrete

algebra groups, but rather on the algebraic structure of each individual group.
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Chapter 5

Other supercharacter theories and

Kirillov functions

All the ideas (and proofs) presented so far can be adapted to a more general framework, making
it possible to consider different supercharacter theories and “special functions” on G.

In what follows , we briefly explain how this can be achieved; we pay special attention
to a particular family of functions to which Diaconis and Isaacs in [33] refer to as Kirillov
functions. While in general Kirillov functions are not characters, they constitute an important
family of class functions which is rich enough to (at least theoretically) describe every character.
Furthermore, we will prove that a supercharacter is an indecomposable character if and only if

it is a Kirillov function.

5.1 Special functions and other supercharacter theories

Let G = 1+ A be a countable discrete algebra group, not necessarily amenable for the moment,
and assume that there is a discrete amenable group ¢ acting on A (on the left). Then, there is
the natural corresponding contragradient action of ¢ on A°: for every A € A° and every g € ¢,

we define

(g:A)(a)=A(g 'a), acA.
Then, the set
Hyg={14+%-a: acA}
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forms a partition of G, and the set consisting of all bounded functions defined on G which are
constant on the members of %%, equipped with the pointwise convergence topology, forms a
family of special functions to which we will refer to as 4-functions on G.

By mimicking the previous proofs, it is possible to show that the ¢-functions on G are in
one-to-one correspondence with the ¢-invariant measures on A°, and that every such measure
has an integral decomposition with respect to a (complex) measure on the set of ergodic ¥-
measures.

For every A € A°, let @; denote the closure in A° of the ¢-orbit 4- A, and let
Qy = {0k A cA°}.

Then, the amenability of ¢ assures that every orbit closure &%, for A € A°, supports a single
¢/-ergodic measure. We shall identify Q¢ with the set consisting of all ¢-functions: for every
O € Q let my be the unique ¥-ergodic measure supported on &, the corresponding ¢-function,
that we denote by x ¢, is given by

“(

g) = 1, dwg, geG.
AO

X

According to this identification, if we equip Q¢ with the pointwise convergence topology, then
Q« becomes a compact Hausdorff metrizable space whose C-linear span is dense in the set of
all ¢-functions.

If we assume that % is a family of superclasses, then the set of consisting of all characters
which are constant on the elements of 7% forms a Choquet simplex, and thus is fully determined
by the set &% consisting of all indecomposable elements. However, elements in &z might not be
in correspondence with the ¢-ergodic measures on A°, nonetheless, every element of & admits

a unique integral decomposition over ¢ with respect to a probability measure.

Let ¢ C % be amenable discrete countable groups (with ¢; being a subgroup of ). Then,
if % acts on A, then ¥ also acts on A. For every a € A the %,-orbit %, -a is clearly ¢ -invariant,
and thus it must be a union of ¢;-orbits, which implies that every member of %%, is a union of
members of .z, . Furthermore, every %-function on G can be decomposed in terms of inde-
composable ¥;-functions on G, and for this reason we say that the pair (.%,,Qy, ) is coarser
then (Hy, ,Qq, ) and write (4, , Qy, ) = (Hy,,Qg,) to indicate so. Notice that a similar relation

holds if we replace Qg, and Qg, by &y, and &,, respectively.
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Example 5.1.1. Let G = 1 + A be an amenable countable discrete group over K, and let K*
denote the multiplicative group of K (notice that, being an abelian group, K* is amenable).
Since K* acts naturally on both A and A°, the direct product 4 = K* x G acts on both A and
A°, and these actions extend in the natural way the actions of G = G x G. Since the product of
amenable groups is amenable, the group ¢ is amenable and it induces a supercharacter theory

of G. In this case, for every a € A and every A € A° we have

Ga= |J G-(aa) and 0= | O%.

ackX* acKX

Example 5.1.2 (The uncolored supercharacter theory of unitriangular groups). For n € N, let
G, = U,(K), and let B, = B,(K) the group of all invertible uppertriangular matrices over K,
it acts naturally on A, = u,(K) both on the left and the right (by multiplication), and thus
the direct product B,, = B, X B,, (which is an amenable group) also acts on A,. The resulting
supercharacter theory is known as the uncolored supercharacter theory of U, (K) (the reason
for this terminology will become clear in Section 6). Letting B., = lignEN B,, we may consider
the uncolored supercharacter theory of U (IK) which arises from the action of the group B..
We remark that in [8] this uncolored supercharacter theory of U..(IF,) was considered and

completely characterized.

5.2 Kirillov functions

Let G = 1+ A be an amenable discrete countable algebra group. An important class of special
functions arise when we consider ¢4 = G acting on A and A° via conjugation, that is, for every

acA,every A € A° andevery g € G

gra=gag”' and  (g-A)(a) =A(g 'ag).

In this situation, % is simply the set consisting of all conjugacy classes of G, and the G-
functions are the class functions of G.

For every A € A°, we denote by O* the orbit closure of G- A, and by w; the corresponding
G-ergodic measure on A° which is supported on O*. Furthermore, we refer to the class function
determined by wj as the Kirillov function associated with 0*; this terminology is borrowed

from the finite group scenario (see for example [33, 78]).
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Chapter 5. Other supercharacter theories and Kirillov functions

Let O = {O* : A € A°} denote the space of orbit closures, which we identify with the
set consisting of all Kirillov functions of G; for every O € O we denote by y© the Kirillov
function of G which corresponds to O, or (when appropriated) by IV)“ for any A € A° such that
O = 0* = G- . For every (bounded) class function ¢ of G, there is a measure 1 (in general

complex) on O such that
ole)= [ V@ du.  seC;

however, it is not always true that Kirillov functions are characters of G (for the relationship
between Kirillov and supercharacters of finite algebra groups we refer to [78]). By the way of
example, in the case of the finite unitriangular group U,(F,), it is known that Kirillov functions
are not always characters (see [56]), and this implies that there are Kirillov functions of the
locally finite unitriangular group U (F,) which are not characters. Therefore, in general the
set Qg = O (as a set of class functions) is not equal to & = Ex(G). Nonetheless, since every
character of G determines a unique G-invariant probability measure on A°, and since every
Kirillov function is associated with a G-ergodic measure, if a Kirillov function is a character,
then it must be indecomposable.

For every indecomposable character & € Ex(G), let ,ué denote the corresponding G-invariant
measure on A°; furthermore, for every (standard) supercharacter y ¢ of G, let M € //l(é: (Ex(G))

be the Choquet measure associated with it. Then, for all g € G we have

x7(g) = / E(g) dMg = / ( ngpﬁ) dMg,
Ex(G) Ex(G) A°

which implies that

Wy = us dMyg,
Ex(G)

and thus supp(u®) C & for Mg-almost all & € supp(M,;). Moreover, the following is true; here,

. . . A
we use the notation l;/’1 for the Kirillov function y©" .

Proposition 5.2.1. For every A € A°, the supercharacter xl of G is an indecomposable char-

acter if and only if O* = O*; equivalently, if and only if x* = y*.

Proof. Let A € A° be arbitrary, and notice that X = l;/’l if and only if @; = wj, which is the
case if and only if &% = O*. Moreover, it is clear that, if y* = y*, then y* is a character of
G, and therefore it must be indecomposable.

Now, assume that x’l is an indecomposable character of G. Then, the standard super-

representation (7 Ao )L) is a factor representation of G, and thus all of its subrepresentations
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5.2. Kirillov functions

are quasi-equivalent to (7 w4 )‘) (see [35, Proposition 5.2.5]). Let X be a G-invariant (under
conjugation) subset of o* . 1f , (X) # 0, then we define the function f : A° — C by

1
w0y, (X)!/2

and denote by .7 the Hilbert space generated by the set {.7%(g)f: g € G}. It is clear that

fA) = Ix (1), A eA°,

the function f has norm one, and that it is a cyclic vector of the representation (. A,e%’f)). On
the other hand, (7%, 74) is a subrepresentation of the factor representation (.7*,.7#*), and

consequently

[ (TH@nN @ TH doy = | 1.00) (712 TR do

= [ 1) p(e™ 2R da, = 2 (o).
Using the Gelfand-Naimark-Segal construction (see [16, Section 11.6.4] for details), it is
possible to check that there is an invertible unitary intertwining operator ¥ : J#* — % such
that W(T7) = f. Since T, is a non-zero function, its image P(7}) is also non-zero for all g € G;

furthermore,
V(T = UTH(T) = T(2)f
and
=TT s = (TH Q1T ()1 )y
= [ LS L) S5 R doy
/f AN flg M) doy,

o, (g7 XNX).

T o (X )
Consequently, due to the fact that @, (¢~ !X NX) # 0, the intersection g~'X N X is non-empty
for all g € G. Furthermore, since @ (gX NX) = w, (X) for all g € G, it follows that

a),1< N gx) — a,(X).

geG

Let h € G be arbitrary and let Xo = [\, 8X. Then,

hXo= (\hgX =Xo and  Xoh= () gh(h™'Xh)= () ghX = Xo,
geG geiG geG

which means that Xy is a G-invariant set. Since ), is a G-ergodic measure and X as non-zero

®; -measure, we conclude that
1= (Xo) <ap(X) <1
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Chapter 5. Other supercharacter theories and Kirillov functions

The above argument shows that, for an arbitrary G-invariant subset X of A°, either @y (X) =
0 or @y, (X) = 1. Therefore, @, is a G-ergodic measure, and thus we must have ®; = w;, which

completes the proof. O

In a certain sense, the previous propositions shows that, in order for a supercharacter )(’1 of

G to be an indecomposable character, the orbit closure & A must be small enough.
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Chapter 6

The infinite unitriangular groups in

positive characteristic

Having lay down a theoretical framework for supercharacter theories of amenable countable
discrete algebra groups, in this section we describe and explore both the standard and uncolored
supercharacter theories of the two types of infinite unitriangular groups in positive characteristic
P, Up(F) and Us(F); these may be considered the main prototypes of infinite discrete groups in
non-zero characteristic. We should mention that Kirillov orbit method does not necessarily ap-
plies to these groups, and hence they present a relevant scenario for supercharacter theories; we
also mention that, after understanding these supercharacter theories, it is fairly easy to describe

the supercharacter theory of U (IF).

Both U,(F) and U.(FF,) are AF-algebra groups and, since there is an explicit description
of the supercharacter theory of the finite unitriangular group U,(IF,) (see for example [1, 6] for
details), our main tool is the finite approximation property (Proposition 4.1.4), which allows
us to take limits of (normalized) finite supercharacters to describe the required supercharacters.
Using the explicit formula for the two supercharacter theories, we can asymptotically derive the
corresponding formulas in the infinite scenario.

The different asymptotics are considered with respect to the field in the case of U, (F) =
lim _Un (IFm), and with respect to the dimension (of the algebra group) in the case of U.(F,;) =
ligneN Uy (F,), giving rise to structural differences in the corresponding supercharacter theories.
The major difference is in the behavior of the regular character as a standard superclass charac-
ter: in the case of U, (IF) it is not a supercharacter, contrary to the case of U..(IF,) where it is a

supercharacter.

97



Chapter 6. The infinite unitriangular groups in positive characteristic

We begin by providing a very brief characterization of the standard supercharacter theory
of the finite unitriangular group U,(F,) (all details can be found in [6, 7]): we explain how
superclasses are encoded by [F,-colored set partitions of [n] = {1,...,n}, while supercharacters
are parametrized by IF;'-colored set partitions, where /' denotes the dual group of the additive
group F;. From this characterization it follows that the uncolored supercharacter theory is
parametrized simply by (uncolored) set partitions of [n].

As it should be expected, given the asymptotic nature of the standard/uncolored superchar-
acter theory of U,(IF), the standard superclasses of U, (IF) are described by F-colored set par-
titions and supercharacters are determined by [F°-colored set partitions; on the other hand, the
uncolored supercharacter theory is in one-to-one correspondence with set partitions of [n], yield-
ing a finite supercharacter theory.

As for the group U (F), supercharacters are dictated by the limit shape of either [ -colored
or uncolored set partitions, which leads to new combinatorial objects: the (F;-colored) aug-
mented set partitions. As a combinatorial object, augmented set partitions are somewhat unin-
teresting, however they provide a clear picture of the asymptotic nature of the supercharacters

of Us(Fy).

For both groups, using the induced model for standard super-representations, we are able
to classify super-representations according to their type. This classification is achieved with
Corwin’s classification theorems [30, Theorems 5,6 and 7], which we now summarize. Let G
be a countable discrete group, let H be a subgroup of G, and let (¢,.5) be a representation of

H; furthermore, let

* Ny ={gc€G:gHg ' =H, 6= 0} where 6%(h) = 6(g"'hg) for all g € G and all
heH,

* My = {g € Ny : the Ny-conjugates of g lie in finitely many H-cosets};

* M}, = [My,Mp], the commutator subgroup of M.

Proposition 6.0.1 (Corwin’s classification theorem). With the notation as above, the induced
representation Ind$(c,.5¢) is type I if and only if one of the indexes |Ny : My| or |Mj,; :
H N Myp| is infinite.

(In a way, it 1s the size of certain subgroups that determine the type of the supercharacters.)
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6.1. The finite unitriangular group U,(F,)

6.1 The finite unitriangular group U,(F,)

In this section, we consider the finite unitriangular group U, (F,) = 1+ u,(F,) equipped with
its standard supercharacter theory (¢, &); for simplicity, we let G = U,(F,) x U,(F,). In
what follows, we aim to explain how (¢, &) can be fully parametrized by colorations of set

partitions of [n] = {1,...,n} and present a supercharacter formula depending only on them.

We denote by SP(n) the set consisting of all set partitions of [n], and we write ¢ € SP(n)
as a sequence 6 = B|/B;/.../By where By,...,By are disjoint subsets of [n] such that [n| =
B U---UBy; we refer to By, ..., By, as the blocks of 6. A pair (i, j) with 1 <i< j <nissaid to
be an arc of o € SP(n) if i and j both lie in the same block of ¢; we denote by D(o) the set of
arcs of o.

For example, if 6 = 1,4,7/2,3/6,8/5 is a set partition of [8], then its set of arcs is D(0) =
{(1,4),(2,3),(4,7),(6,8)}; in pictorial terms we may represent o as a graph:

¢ oo o ¢ %

1 2 3 4 5 6 7 8

If o € SP(n), thenamap ¢ : D(c) — F,\ {0} is called a F;-coloration of & (to be rigorous,
we may assume that the color 0 € [F, just deletes a possible arc). The set consisting of all

FF4-colorations of o € SP(n) will be denoted by Coly, (o), and we let
@, (Fy) = {(0,9): 0 €SP(n), ¢ € Colg, (o)}

stand for the set consisting of all IF,,-colored set partitions of [n]. For every (o,¢) € ®,(F,), we

define e ¢ € u,(F,) to be the element
eoo:= Y, 0@ jeij,
(i.j)eD(o)
where as usual ¢; ; stands for the matrix having 1 in the (i, j)-th entry and O in all other entries.
It can be proven that for every superclass K € ¢ there is a unique (0,¢) € ®,(F,) such that
1+ e, € K, thus establishing a bijection between the sets %" and ®,(F,); we denote by K5 ¢

the superclass associated with (o,¢) € ®,(F,).

Let F; denote the dual group of the additive group IF;F (notice that as a group F/’ is iso-
morphic to F,7). We identify the dual group u,(F,)° of u,(F,) with the set u,(F;) consisting

of all strictly uppertriangular n X n matrices with coefficients in F;": on the one hand, for every
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Chapter 6. The infinite unitriangular groups in positive characteristic

v = (¥ ;) € uy(F,) we define yy € u,(F,)° by

w(a)= ] wijlay),  a=(aij)€u(Fy);

1<i<j<n

on the other hand, for every A € u,(F,)° we define 1° = (?Li?j) € uy(F,) by

W) =A(aei;), 1<i<j<n, a€ly,.
It is obvious that the correspondences W — g and A — AC are inverses of each other.

In order to understand the nature of the G-action on u,(F;’) = u,(FF,)°, it is useful to intro-

duce the following notation: for every 7 € F and every a € u,(F,), we define 7xa* € u,(F,)
by
(txa*)(b) = t(Tr(a™h)),  beuy(F,);

we recall that (7 +17')(a) = t(a)7'(a) for all 7,7’ € F and all @ € ;. We observe that
(txei;)(b) =t(bij), b= (bij) € un(Fy),

and thus
A= Z li7_,~*e;~':j, lEun(qu).

I<i<j<n

On the other hand, straightforward calculations show that

(8:h)-(Txe; ;) =T*(g Teijh")", (g,h)eG, 1<i<j<n

and consequently
(g,h)-A = Z Aij*sup ((g " TeijhT)"), (8:h) € G, A ey (F),
I<i<j<n
where sup((g~Te; jAT)*) denotes the uppertriangular matrix consisiting of all stricly uppertrian-
gular entries of (g~ Te; jAT)*.

For every w € SP(n) a map ¢ : D(7) — IF/\ {0} is called a F_-coloration of 7, and we
denote by ®,(IF;) the set of all IF/-colored set partitions of [n]; if (7, ¢) € ®,(F ), then we set
¢(i,j) = @i j for 1 <i < j <n,and we define the element

e;7¢: Z (piJ*e;"’jEun(qu).
(i.j)eD(r)
According to the way we realize the G-action on un(Iqu ) (and in the same spirit as for

superclasses), it can be shown that for every A € u,(F;) there is a unique (7, @) € ®,(FF;) such

100



6.1. The finite unitriangular group U,(F,)

thatez , € O * = G- A, thus establishing a bijection between the sets & and ®,, (F;); we denote

by x™? the supercharacter associated with (7, ) € ®,(F;).

Let of = Fy1 4 u,(F,). It is straightforward to check that for every 7 F; and every
1 <i< j<n the right &/-submodule (7 e ;)< of u,(F,)° is indecomposable; indeed, it
consists of all elements of the form

Y (nixefy), nel,, i<t<j
i<t<j
Furthermore, for every F/-colored set partition (7, @), the «7-submodule €7 %7 of u,(F,)°)
decomposes as the direct sum
627904% = @ ((pi7j*eij)szf.
(i.j)eD(x)
According to Corollary 4.3.5, it follows that the supercharacter y™% decomposes as a product
xﬂv(p — H x(lm])a(plj
(i.j)eD(x)

of elementary supercharacters.

In order to present a (normalized) supercharacter formula, we now define for every set

partition T € SP(n) the sets
Sing(m) = {(i,1), (k,j): (i,j) € D(m), j <I, k<i}, and

Reg(m) = {(i,/): 1 <i < j<n}\Sing(7);

moreover, for every 1 <i < j <nandevery w,c € SP(n), we define the nesting numbers
nest(; jy(0) = [{(k,l) € D(0): i<k<I<j}|, and

nestz(o) = Z nest; ;)(0).
(i-j)eD(x)

Then, the (normalized) supercharacter values are fully determined; as follows see [6].

Proposition 6.1.1. Let (7, ) € ®,(F;) and (0,9) € ®,(F,) be arbitrary. Then, the value

x"?(Ks.¢) of the (normalized) supercharacter Y™ € & on the superclass Ks 9 € X is equal

to 0 unless D(o) £ Sing(7), in which case it is given by the formula

1

qnestn(c)

[T (e

(i.j)eD(m)ND(0)

Xﬂ’(P(Ka,q)) =
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Chapter 6. The infinite unitriangular groups in positive characteristic

In this fashion, the standard supercharacter theory of U,(F,) is fully encoded by the set

partitions of [n] and by the corresponding F-colorations and IF/-colorations.

The uncolored supercharacter theory of U,(FF,) is a combinatorial simplification of the stan-
dard supercharacter theory, and as hinted by its name it is fully parametrized by the uncolored
set partitions.

Recall that B = B x B, where B = B,(IF;) consists of all invertible upertriangular n x n
matrices over [F,, and that the uncolored supercharacter theory is obtained by considering the

B-action on u,(F,) and the corresponding contragradient action on u,(F,)°.

Let (0,¢) € ®,(F,) be arbitrary, and notice that

B-es,p = U x(Gregy) = U G- (x-e0,9);
x€T,(Fy) x€T,(Fy)

on the other and, if for every x € T,,(F,) we define the IF,-coloration x-¢ : D(c) — F,\ {0} by

(X'(P)(i,j):xi(])(i,j), (i7j)€D(G)7

then x-e5 ¢ = €5 x-¢. Furthermore, the action of 7,(F,) on Colg, (o) clearly permutes transi-

tively the [F,-colorations of ¢, and thus we conclude that

14Beso= |J Koo
¢'€Colg, (o)

Consequently, the B-superclasses of U, (IF,) are parametrized by the set SP(n) of set partitions

of [n]; for every o € SP(n) we denote by K the B-superclass of U,(F,) associated with ©.

Now, let (7, ¢) € ®,(F;) be arbitrary, and for every x € T,(F;) define the F_-coloration
x@:D(m) > F, \ {0} by

(r-@)ij(@) = @i ('), (i,j) € D(m), e €Fy.

Then, we have

x *
B-ero= U Gerrp

x€T,(Fy)
and since the 7,,(IF)-action on Col,(IF;) is transitive we conclude that
* *
B'en#) = U G.eﬂ7(P/'
¢'€Col, (Fy)
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Therefore, the B-orbits on u,(IF,)° are also in bijection with the set SP(n); for every m € SP(n)

we denote by x” the supercharacter of U,(IF,) which is associated with 7, and note that

1
xﬂ: - T~ Z xﬂ7(p’
|COIIE‘;(7[>| (pGCOln(F(;)

which allows us to obtain a formula for the supercharacter values similar to the one above (for

details we refer to [7]).

Proposition 6.1.2. Let w,0 € SP(n) be arbitrary. Then, the value x™(Ks) of the (normalized)

uncolored supercharacter x™ on the superclass Kq is equal to 0 unless D(c) < Sing(m), in

] L/ 1 \Ip@nDo)
x <KG) - qnestﬂ(c) (q_ 1) )

which case we have

In this way, the uncolored supercharacter theory only depends on ¢ and on the combina-
torics of set partitions. It is worth to mention that, contrary to the standard supercharacters, the

uncolored supercharacters only have rational values.

6.2 The group U, (F)

For every m € N we set ¥, = F ., where p is a prime number and m! is the usual factorial of

p
m; since (m+ 1)! = (m+ 1)m!, it follows that I, is a subfield of [F,, |, and this clearly allows
us to consider U, (IF,,) as a subgroup of Uy (F,,;1). The direct limit

F=1lnF,= ) Fn

meN meN

is the algebraic closure of I, and the unitriangular group U,(FF) may be naturally identified

with the direct limit

Un(F) = 1i Up(F) = | Un(F).

meN meN

Throughout the section, we consider each finite group U,(FF,,), for m € N, and the infinite
group U, (IF) equipped with the corresponding standard supercharacter theories (%, &,) and
(A, &), respectively. For every m € N, we will also keep the notation ®,(F,,) for the F,,-
colored set partitions of [n], and will extend this notation to the field IF, that is, we will denote by
®,,(IF) the set consisting of all F-colored set partitions of [n]. We note that ®,(IF,,) C @, (F,,+1)

for all m € N, and thus the superclass Kéqu € J;, which is parametrized by (o,¢) € ©,(F,,)
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is obviously contained in the superclass K((,m(; D

€ Hmy1 which is associated with (0,9) €
®,,(FF,+1). Consequently, for every superclass K € % there is a unique F-colored set partition
(0,9) € @,(F) such that 14-e5 ¢ € K, which means that, as in the case of the finite unitriangular
groups, the superclasses of U, (IF) are parametrized by the set ®,(IF); as before, we denote by

Ks.¢ the superclass in % which is associated with (o, ¢) € @, (F).

For the characterization of & we use the finite approximation property (Proposition 4.1.4)
and the supercharacter formula for the finite unitriangular groups (Proposition 6.1.1). Firstly,
we mention that, similarly to the finite case, we may identify u, (F)° with u,(F°), where [F°
denotes the dual group of F; furthermore, we let ®,(IF°) stand for the set of all F°-colored set

partitions of [n].

Proposition 6.2.1. The set & of supercharacters of U,(FF) is in bijection with ®,(F°). For
every (m,Q) € ®,(IF°) and every (0,¢) € ®,(F), the value x™?(Ks,9) of the supercharacter
X" € & on the superclass Ks ¢ € A is given by

0, if D(o) C Sing(m) or nestz (o) # 0,

I1 ¢ j(0(i,j)), otherwise;

(i,j)eD(m)ND(0o)

Xﬂ’(p([{c,qﬁ) =

moreover, we have

%77'-1([) — H X(i"j)v(piﬁi.
(i.j)eD(x)

Proof. Let A € u,(F°) be arbitrary, and let (7™, ") € ®,(IF;,) be the colored set partitions
associated with the restriction A4, of A to u, (F,,); without loss of generality we may assume
that A«|m = e;m’q)m-

If T € F° is non-trivial, then there is mgy € N such that Tim = 0 for all m > my, and conse-

quently there is My € N such that for every m > M,
Aij70 = (ij)m #0.
Therefore, there is a set partition £ € SP(n) such that

m

" =M =g m> M.

According to Propositions 4.1.4 and 6.1.1, for every m > My, every (i, j) € D(x) and every

o € IF, we have
x”"”m(l +oe;j) = (p;’} () and lim x”"”m(l +ae;j) = xl(l +oe; ),
’ m—oo
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6.2. The group U, (F)

and so the sequence ((p{f’j)meN converges to some element @; ; € F°; moreover, the mapping
(i,]) — @i j defines an F°-coloration ¢ : D(x) — F°\ {0} of 7.
On the other hand, if D(c) < Sing(x), then according to Proposition 6.1.1,

m m 1
A T " T o .
X" (Kop) = lim 7" % (Kg ) = lim (@) [T  ei(oG))),

(i,j)eD(m)ND(0)

which establishes the desired formula. O]

Having a parametrization and a formula for supercharacters, we proceed to classify super-
characters using proposition 6.0.1. Let (7, ¢) € ®,(F°) and A = e, ,, € u,(IF)° be arbitrary, and
recall that the super-representation associated with (7, @) is induced by the L, -representation
(1, C), where

Ly=1+1 ={g €Uy(F): gez o =€r o}

and where 1 : L; — C* is defined by
A(g)=A(g—1), gely.

For simplicity, we introduce the following notation:

* N, ={gcU,F): gLyg ' =L; and A8 :1}, and

* M) ={g € N),: the N -conjugates of g lie in finitely many L, -cosets}.
Lemma 6.2.2. [f A = txe; ; for t € F°\ {0} and 1 <i < j<n, then

Ly ={gcUyF): giy=0,i<t<j}

and Ny, = U, ().

Proof. Let g € L, be arbitrary. Then, for every a € u,(F) we have

Mg la)=2(a) <= (g a)i)) = "(ai).

Moreover,

(¢ 'a)ij=Y (g7 "isar;

i<t<j

therefore, if i <t < jand a = ¢, j, then (g’la),-,j = (g’l),-J, and thus for every o € F

Ag tae ) =Alae ) =1 <= (g ae))ij) =1(alg”)) =1,

105



Chapter 6. The infinite unitriangular groups in positive characteristic

which implies that (g_l),,j =0 for all i <t < j (because o € F is arbitrary and 7 € F° is
non-trivial).
Conversely, if g € U,(F) is such that g, jl =0foralli <t < j, then
(¢ @)=Y (g7 "iwar=aij,
i<t<j
and thus g€ L.
Now, let k € U, (F) be arbitrary, let g € L, and set [ = g — 1. Then,
K 'h)ij= Y (K Virlnsks i
i<r<s<j
since g =1+41¢€ Ly, forevery i <r <s < j, the equality /,; # 0 holds if and only if » = i and

s = j, and thus

A((k"gk)) = (k™ 1K) ) = T((k™)iili jkjj) = T(lij) = A(g(1+1)).
Consequently, Ny = U,(F) and the proof is complete. O

This data, together with the fact that every supercharacter of U, (IF) admits a unique finite
factorization as a product of elementary supercharacters, is enough to classify all supercharac-

ters.

Proposition 6.2.3. For every (mt, @) € ©,(F°), the supercharacter ™ is of type 11 if and only
if there is (i, j) € D(m) with j > i+ 2; otherwise, x™? is of type L.

Proof. Let A = txej;, | where 1 € F°\ {0} and 1 <i <n—1. Since Ly = U,(F) =N, =M,,
it follows that [Ny : M, | = |M} : M} NL; | = 1, and consequently x* is type I (by Proposition
6.0.1). On the other hand, suppose that A = Txe;;,, for T € F°\ {0} and 1 <i<n-—2. We

claim that

kgk™'Ly =gLy,  k,g € Uy(F)

(recall that N; = U,(IF) by the previous lemma). Let k,g € G be arbitrary. If g € L, then
kgk=! € L, (because L; is a normal subgroup of U, (F)). On the other hand, if g = 1+ oejj1+1

for some / € [y, then gLy = (1+ ae;i11)L;, and similarly
kgk_lLl = k(l + ae,~7,-+1)k_1L;L = (1 + aei7i+1)L}L

because k(1 + (Xei7,-+1)k_1 =1+ oe; j+1' for some !’ € [;. Therefore, kgk~'L) = gLA and this

implies that U,(F) = N;, = M, . Moreover, since
Un(IF)/ = {g € Un(F)I 8ijit1 = 0,1<i<n-— 1},
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one can easily check that M} = M) NU,(F)" and that M} NL, = M;. Therefore, [N, : M, | =
|M; : Mj NLy| = 1 which implies that x* is type I (by Proposition 6.0.1).

Now, let A = T*er for t € F°\ {0} and 1 <i< j<nwith j>i+2. Then, g=1+
ae;j o ¢ Ly forall a € F\{0}. Forevery B € F\ {0} wesetkg =1+ fe; 5 ; 1, and note that

kg' =1—Pej2 ;1 and that

kg 'gkpLa = (1+oteijo+PBeij1)La.

Since I is infinite, it follows that 1 + ote; j_» ¢ M), and so |N : M | = |U,(FF) : M, | is infinite.
Therefore, x’l is type 11 (again by Proposition 6.0.1).

Finally, since every supercharacter decomposes uniquely as a finite product of elementary
supercharacters, the result follows because the type of a finite product of characters is the highest

type of the factors (see, for example, [16, Proposition 111.2.5.27]). [

In this setting, if we identify & with &, (IF°) (in the obvious way), then the topology of &
is fairly easy to describe: a sequence (7", ¢™),,cn converges to (7, ¢) if and only if there is
mo € N such that

= 7[, m Z no and hm (PZ; == (Pi,ja (l7.]) € D<7T)

m—soo

Moreover, the space & can be realized as a disjoint union of topological spaces: for every

€ SP(n) let
|D(n
Qp =
i=1

)
Fo\ {0},

which we naturally identify with the set {y™?: ¢ € Colz(F°)}; hence, & is identified with the
disjoint union

& ~ |_| Q.
weSP(n)

Having this identification in mind, the Haar measure v on F° induces a natural family of mea-
sures on & that we shall next describe; as it turns out, these measures will parametrize the
uncolored supercharacter theory of U, (IF).

For every a € F we consider the function a : F° — C given by
a(t) :=1(a), T e IF°.

This function is continuous and the C-span of {a: a € F} is dense in C(F°); therefore, every

measure vV on F° is uniquely determined by the the integration of all such functions. Further-
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more, we have

F° = @ F,,
meN
where the inverse limit is taken with respect to the restriction maps, and so we consider the

topological basis consisting of all cylinders: for every y € I, the corresponding cylinder

[VIm={t€F°: 7, =71}

has measure
V(Vm) = 1/[Fp| = 1/[Fn| =p~™.

Let a € I be arbitrary. Then, for every m € N such that a € [F,,,, we can write

a= Y amly,.

veF,
and thus
1 0, ifa#0,
/ Zl\dVZF—O Z 7(“):
° 5] YeFs, 1, otherwise.

For every m € N we define a probability measure v,, on I,, by

Fapy = i i 7EEa\ {0}
0, if y=0,

Vin(Y) =

and extend it to a measure V,,, on [F° by setting

Vi (7), if mo <mandy, = «,

~

Vullodm) =4

ey o =71 Vin(Y), ifm < mgand o, = 7.

Lemma 6.2.4. In the notation as above, the sequence (V) men Weak*-converges to V.

Proof. For every a € F\ {0} and every m € N such that a € F,,;, we have

~ 1 —1
/ advy = "o\ fOV| Z v(a) = Two\ fOV]°
° Fn \ {0} YEF 2\ {0} |Fn \ {0}
which converges to zero as m goes to infinity. On the other hand,
Gde =1, me N,
o

and thus

lim c?d?m:/ adv, acT.

m—reo Jgo o

The lemma follows. 0
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Now, for every @ € SP(n), we define the probability measures on Q
= & Vm meN, and  nz= @ V;
(i.j)eD(m) (i.j)eD(m)
notice that, according to the previous lemma, the sequence (1}'),cn Weak*-converges to 1y.

On the other hand, we define the superclass character

Cﬂ:/ 2" dng,
Qn

and note that

1
Cn = lim/ x™?dn? = lim e,
m—roo Qﬂ T m—roo ‘IF]Z\{O}“D(’E” (PEC%YZ(H) mn

Since |F 2\ {0}|IP(®)] = | Colpo(7)|, we conclude that
. 1 n
Cp=lim ———— ) e

m—oo | COI]F/SL (TE) | @eColpo (ﬂ)

As we already mentioned, the uncolored supercharacter theory (g, &g) of U, (IF) is associ-
ated with the action of B = 7,,(IF) x G both on u,(F) and on u, (F)°. The superclasses in #p are
in one-to-one correspondence with the set partitions of [n]: for every ¢ € SP(n), the superclass

K5 € g is the union

Ko = U Ks.¢;
¢eColp(o)

in particular, it contains the element 1 + ¢4 ¢ for all ¢ € Coly(n). We are now able to describe

the set of supercharacters &f.

Proposition 6.2.5. The uncolored supercharacters of U,(K) are precisely the characters Cy for

7 € SP(n).

Proof. The proof is simply a consequence of the finite approximation property. Let Qp denote

the set of uncolored orbit closures, and note that for every &' € Qg there is @ € SP(n) such that

oc |J ome.
(PGCOI]FO(E)

Therefore, Qp is in bijection with SP(n), and furthermore & is contained in the closure of the

uncolored orbit of the element

A=Y e eu(F).

(i.j)eD(m)
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For every m € SP(n) and every m € N, the uncolored supercharacter of U,(IF,,) associated

with Ay,, is given by

1
Im= e Y, Amts
| Colg,; (7)] 9EColy o (1)
and thus it follows from Proposition 4.1.4 that
2= tlim Y =G
m—yoo | COIF’; (7[)| QDECOIF;L(TL') "
which completes the proof. 0

For the uncolored supercharacter theory of U, (IF), the number of superclasses is equal to the
number of supercharacters, which is finite. If we are to understand a supercharacter theory as
an approximation of the indecomposable character theory, the finiteness of the uncolored super-
character theory yields a “rough approximation”; moreover, the set of uncolored supercharacters
is homeomorphic to SP(n) equipped with the discrete topology. Nevertheless, we next present
an uncolored supercharacter formula, which is simply consequence of the finite approximation

property and of the uncolored supercharacter formula given in Proposition 6.1.2.

Proposition 6.2.6. Let w, 6 € SP(n) be arbitrary. Then, the value x™(Ks) of the supercharacter
x” on the superclass K is O whenever D(c) C Sing(m), nestz (o) # 0 or |D() ND(0)| # 0,

otherwise, we have x™(Ks) = 1.

In a way, the uncolored supercharacters are measuring a particular kind of interaction be-
tween set partitions of [n]. For , o € SP(n), we shall say that & encompasses an arc of o if there
are arcs (i, j) € D(x) and (k,t) € D(o) such that i <k <t < j, equivalently, if D(c) C Sing(x),
nestz(0) # 0, or |[D(w) ND(o)| # 0. In this fashion, ¥*(Ks) = 1 if and only if 7 does not

encompass any arc of o.

Next we turn our attention to the regular character of U, (). Its nature (as a superclass char-
acter) varies depending on which supercharacter theory is being considered: for the standard
supercharacter theory it is a decomposable superclass character, while for the uncolored one it
is indeed a supercharacter.

We set

n .
55 if n is even,

nLifnis odd,
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and denote by my € SP(n) the (unique) set partition such that D(my) = {(i,n—i+1): 1 <i<

N(n)} € SP(n), that is, the partition with diagram

Proposition 6.2.7. The regular character p of U,(F) decomposes as an integral over Qg with

respect to the measure 1, indeed,

p= / 1™ digy = Ly
Qz,

In particular, p is an uncolored supercharacter of Uy,(IF).

Proof. This is simply a consequence of the formula of the previous proposition. We remark that
for every non-trivial set partition o € SP(n) and every (k,¢) € D(0) there is an arc (i, j) € D(m)
such that i < k <t < j, and thus y™(Ks) = 0; since x™(1) = 1, we conclude that ™ is the

regular character. 0

In terms of orbit closures, this result means that, while there are no dense colored orbits, the

uncolored orbit of the element
N(n)
el n—i+1 € Un F)

ey

=

is dense.

The behavior of the regular character provides a good example of how different phenomena
arises in the representation of big groups: in the finite group scenario, the regular character
is always a decomposable superclass character and it is a convex sum of all supercharacters;
on the other hand, for the group U, (FF), the regular character is still a decomposable standard
superclass character, although it is only the “convex sum” of the supercharacters having the
shape 7y, and as an uncolored superclass character it is indecomposable.

Nonetheless, we can still find a superclass character that is the “convex sum” of all super-

characters. Let u be the measure on & defined as the sum

Z nn,

neSP

!SP(
we refer to u as the uniform measure. It is a measure whose support is &', and the corresponding

super-class character " can be decomposed as the sum

= s &, &

neSP(n
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The uncolored supercharacter formula allow us to compute }": for every o € SP(n), we have

2"(Ks) = ﬁ J{meSP(n): 17 (Ke) = 1}.

For example, for n = 3, |SP(3)| = 5 and some of the values of x" are

1 1
2" (K1) = §X2’3(K1.,2) =5, and

3

1
1 (K1) = 5 (22 (Kia) + 222 (K1) + 2" (K1) ) = 5

Essentially, the value of x"(Ks) provides the average number of the set partitions that do not
encompass any arc of 6. One should think of y" as the “average” of all supercharacters, being

in this sense an analogue of the regular character.

6.3 The group U..(F,)

In this section, we fix a power g = p® of a prime number p, and consider the group
U°°<Fq) = li_n}Un(Fq> = U Un(q),
neN neN
which consists of all locally finite unitriangular square matrices over [ ; hence, every g €
Us(F,) has only a finite number of non-zero entries above the diagonal. For every n € N,
we consider U,(F,) equipped with the corresponding standard supercharacter theory (%, &,);
similarly, Us(IF,) is also equipped with its standard supercharacter theory (%", &’). We observe
that for every n € N a superclass K, € %, is contained in a unique superclass K, 11 € #p11;

consequently, if we define

q’w(Fq) = U q’n(]Fq);

neN
then for every K € % there is a unique (0,¢) € ®u(F,) such that 1 +e5 9 € K, and this

provides a one-to-one correspondence between %~ and the set @ (F,).

On the other hand, the description of &, for n € N, ensures that the inclusion CID,Z(IF; ) C
D, (Iqu) induces a (non-natural) inclusion &, C &4 where a supercharacter ™% of U,(IF,),
for (7, ¢) € ®,(F, ), corresponds to the supercharacter x™? of Uy, +1(q), for (7, 9) € P,11(F,);
we shall use the same notation, but we must be aware that the supercharacters are in fact distinct.

We define
&= &,

neN
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and note that, not only &0 C &, but also &0 is a dense subset of & (according to Proposition
4.1.4).

The description of & is achieved by means of augmented set partitions of N; in analogy
with finite set partitions, for every 7 a set partition of N we denote by D(x) the corresponding
set of arcs. By an augmented set partition of N we mean a set partition 7 of N together with an
subset / C N satisfying

(i,j)eD(r) = i¢l
we denote by 7 LI/ this augmented set partition. For every augmented set partition 7w/ of N
we set
D(I) = {(i,e0) : i €1},
and define the set of arcs of LI as being the set

D(zUI) = D(m)UD(I).

By the way of example, let 7 = 1,3,8/2,6 be a finite set partition of N and let I = {5,7,8},

then the augmented set partition 7 LI/ is represented diagrammatically as

We denote ASP the set of all augmented set partitions of N, and extend the definition of
the sets Sing(7) and Reg(7) to Sing(xw 1) and Reg(m LII) in the most natural fashion; in a
similar way, we also define the nesting numbers nest; j)(7L//) and nest(7LI]) of an augmented
set partition L I. For every augmented set partition 7 LI/ of N, an F ’-coloration of w1 is
simply a IFqO -coloration of 7, that is, we assume that all “infinite arcs” in D(I) are uncolored;
we denote CI)DO(]F;) the set consisting of all F/-colored augmented set partitions (this should not

be confused with the union of all ®,(F)).

Proposition 6.3.1. The supercharacters of U«(F,) are in bijection with ®«(F;); for every
Ul € @(F) we denote by x™9 the supercharacter of Us(F,) associated with (tU1,@).
Moreover, for every (T, @) € Pu(F ;) and every (0,9) € Pus(F,), the value x™(Ks.9) of
supercharacter ™ ? on the superclass Kg. ¢ € K is zero unless D(0) € Sing(nLII), in which
case it is given by

K g) =TT 0us(9)))

gnestzui (o) (i,/)eD(m)ND(c)
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Proof. We note that

e (Fy)° = lim s (B):
neN

[a—

moreover, if 4 € u,(F;') and (7", ¢") € @, (F ), for every n € N, is the F /-colored set partition

associated with 4y, then
(i,j)eD(n") = (i,j)eD@" Y or(in+1)eDr").
Therefore, Propositions 4.1.4 and 6.1.1 imply the desired bijection and formula. [

The nature of the supercharacter formula explain why infinite arcs are uncolored. An infinite
arc only contributes to the value of the supercharacter by means of the nesting number; in a way,

it is “too faraway” for its color to have any impact.

In this fashion, the set of supercharacters & of U (F,;) can be identified with the set Po(F,);

under the identification, the dense subset &° C & is identified with the union
DL(F,) = | Pu(Fy),
neN

which may be viewed as a dense subset of @w(FF).

Next, we classify supercharacters according to their type, again using Proposition 6.0.1.

Proposition 6.3.2. For every (T U1, @) € ®(F ) the supercharacter y LY s of type 1 if and
only if x™':? ¢ &0 (that is, I = 0 and & € SP(n) for some n € N); otherwise, x™ 9 is of type
1.

Proof. Let 4 € u(IF,)° and let (U1, @) € Pu(IF;’) be such that x> = x™ ¢, Similarly to the

case of U, (), one can check that

Furthermore, since [, is finite, if / = 0, then M) = U (F,), and thus |N), : M, | = 1; on the other
hand, M) = N; = Ux(Fy) = {g € Ux(Fy): giit1 =0, i € N} and U«(F,;)' N Ly = L), which
implies that

M), L) | < oo = 7 € SP(n) for some n € N.
If 1 # 0, let ip be the smallest element of /. Then,
1+€,‘0_‘S€N/1\Ml, s > .
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Furthermore, if ip < s < ¢, then
(1+ geisg Vg # (It heich Vg, g€ UnlFy),

and thus |N), : Mj | = . The result follows (by Proposition 6.0.1). O

Now, consider the regular character p of Us(F,). Let
A= Z e j € ux(Fy)”;
1<i< j<eo
this element as a dense Us.(F,) x Us(F,)-orbit which means that p = y* is a supercharacter,
and therefore it is associated with a unique element in ®«(F;). In virtue of Proposition 6.3.1,
one can check that p must be associated with @ LI N where () denotes the unique partition of N

such that D(0) = 0; diagrammatically, @ UN is represented as

Indeed, D(o) C Sing(0LIN) whenever o € SP(n), for any n € N, is such that D(o) # 0, and

thus
"N =0, g€G, g#l.

Next, we let G = Uw(Fy) X Us(F,) and
T.=[]F,
neN
(hence, T. is the group of all invertible infinite diagonal matrices over I;), and we consider the
group B = T., x G. Recall that uncolored supercharacter theory (%, &g) of Uw(FF,) is the one
induced by the action of B on both u.(F, and u.(F,)°; for every superclass K € 5 there are
unique n € N and ¢ € SP(n) such that
K=Ks= |J Koy
¢<Colg, (o)
Therefore, 73 is in bijection with the (disjoint) union
SP = | J SP(n).
neN
For the description of the uncolored supercharacters of U.(IF,) (using Propositions 4.1.4 and

6.1.2), one can easily prove the following result.
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Proposition 6.3.3. The uncolored supercharacters of Us(F,) are in bijection with the set ASP

il

of all augmented set partitions of N; for every w1 € ASP we denote by ™" the uncolored

supercharacter of U(IF,) which is associated with mLI1. Moreover, for every w1 € ASP and

il

every 6 € SP, the value x™!(Ks) of the supercharacter x™! on the superclass K5 € g is

zero unless D(o) Z Sing(mw U 1), in which case it is given by

; . 1 _ 1\ IP@nD(0)]
™MK= [T xV(Ke)= (q_l) -

(i,j)eD(mLI) ghestzui ()

Consequently, the set &g of uncolored supercharacters of U.(F,) can be identified with
ASP, and the supercharacter theory (#3,8p) is fully described by the combinatorics of all
“finite” set partitions and all the augmented set partitions of N.

Notice that the regular character p = y®'N of Us(F,) has the same description in both su-
percharacter theories, which becomes an interesting parametrization in the light of De Stavola’s
paper [32]. For every n € N, let p,, denote the regular character of U,(F,), and let SP1, denote
the super-Plancherel measure on SP(n) associated with the uncolored supercharacter theory for

Un(F,), that is,

Pn= Y, SPL(m)x"
neSP(n)

Let .+ (SP(n)) denote the set consisting of all probability measures on SP(n). De Stavola

I on the unit

defines an embedding of .#*(SP(n)) into the set of sub-probability measures
square [0, 1] x [0, 1]; with respect to this inclusion, he has proved that the sequence (SPI,),cn
weak*-converges to the uniform measure on the set { (x, 1 —x) : x € [0, 1/2]}; the representation
theoretical interpretation of this is not clear. However, De Stavola argues that such measure

should be thought as the limit shape, as n goes to infinity, of the sequence of partitions (7, ),cn

(NN

where 7, has shape

that is, “,}L“}o SPl, = r}l_{rolo m,”. This statement admits a concrete meaning in terms of uncolored
supercharacters and augmented set partitions.The supercharacter of U,(IF,;) associated with the
super-Plancherel measure SP1, is precisely the regular character p,, and the sequence (py)nen
converges pointwise to p. On the other hand, the sequence ()™ ),cn also converges pointwise

to p. Therefore, in ASP, as n goes to oo, the shapes

'A sub-probability measure is a measure with total weight less than or equal to 1.
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converge to the shape

N

At this point, we remark the similarity between the regular characters of U, (F) and U (F,):

both are somehow associated with some limit of the shape /f\\ , a phenomenon that

appears to be typical of the infinite versions of the unitriangular group.

6.3.1 The Kingman graph and supercharacters

The Kingman graph, whose boundary is called the Kingman simplex, appeared firstly in [62]
in the context of population genetics. Its n-th level of vertices is the set Y, of Young tableaux
with n boxes and, as mentioned in [59], it describes the branching rule of certain characters of
the finite symmetric groups S,: with every integer partition A = (4; > A, > ... > A4, > 0) of n

(equivalently, with every Young tableaux) we associated the Young subgroup
S)L :Sll XSAZ Xoeee XS/lk

of S,, and denote by 7* the character of S,, obtain from the induction of the trivial character
of S;. For every A € Y,, and every u € Y,,;;, the dimension dim(A, ) is defined to be the
multiplicity of 7% in the restriction (74)s, of T t0 Sy

However, no representation theoretical interpretation of the Kingman simplex has been pre-
sented so far, albeit extensively studied by some authors in different contexts (essentially due
to its similarities with the Young graph) such as in [20, 59, 74]). In what follows, we interpret
the Kingman graph in the uncolored supercharacter theory context, namely, we identify the
Kingman simplex with a family of superclass characters of U..(IF,) which is invariant under a

particular action of the infinite symmetric group Se..

The action of the symmetric group S, on [n] induces a natural action on SP(n), and we say
that two set partitions in SP(n) are S,-equivalent if they lie in the same S,-orbit. Notice that the

S,-orbits on SP(n) are indexed by the Young tableaux Y,,: for every w = By /.../B; € SP(n), we
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may assume without any loss of generality that |By| > |Ba| > ... > |By|; since |By|+- -+ |Bi| =
n, we see that

A/n = (lBl|= |B2|7 |Bk|>

is an integer partition of n. It is straightforward to check that 7, 7' € SP(n) are S,-equivalent if
and only if A; = A, and for this reason we identify the S,-orbits on SP(n) with Y,,; moreover,
given A € Y,, we shall denote by 0, the corresponding S,,-orbit.

Every set partition of [n+ 1] induces by restriction a set partition on [n], and thus for every
n € N there is a well-defined map P**! : SP(n+4-1) — SP(n). In terms of arcs, the “projection”

Pl (1) € SP(n) of m € SP(n+ 1) is uniquely determined by
Dy () = {(i,j) € D(m) : j#n+1}.
For every o € SP(n+ 1) and every 7 € S,,, we have
Pt (r-0)=1-P"!(0),
and consequently
e (B (@) Now) = (B (e-m) Moy, 1€ SP(n), 1€ V.
Therefore,
(B () noy| = (@Y (e-m)Noy|,  wESP(n), € Y,iy, TES,.

The Kingman graph, which we will denote by K, is a graded graph such that the n-th level
of vertices is Y,, and for every A € Y,, and every i € Y, | the number of edges between A and

1 is equal to |(P21) ™1 () Noy| for any 7 € 0y; in other words,
dim(A,0) = (B! () Moy
It is clear that
dim(A) = |o, |, A eV

moreover, it can be can be proved that for every A = (4,...,4) € Y,

. n!

(see for example [59]).
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We provide a (succinct) description of the boundary of K, which can be identified with the

set

A:{a (o > ap> - Zangl}

neN
(more details can be found in [59,62,74]). For every A = (4; > --- > A;) € Y,,, we denote the

usual monomial symmetric function mj on an infinite number of commutative variables by

A lz lz
my = Z xll i Xy

.....

where the sum is taken over all subsets {iy, ... ,il} of N with size /. These monomial symmetric
functions are to be understood as polynomial functions m) : A — R; for the general definitions
and formalism of the ring of symmetric functions we refer to [70]. We consider A = (1; > A, >

- >N >0) €Y, in its exponential notation
A= (10 2@ i)y

where r;(1), for 1 <i < n, denotes the number of occurrences of i in A; by the way of example,
ifn=1land A =(3,2,2,2,1,1),thenr{ (1) =2, »(A) =3and r3(A) = 1,and A = (1%2,23,31).
Following [59], for every a € A, with corresponding coherent system {M*}, <, for every n € N

and every A = (1"1,22,...) € Y,, we have

7] _y® Nk
me) =y LR, )

!
= k!

Now, we consider the groups U,(IF,), for n € N, and U (F,) equipped with the correspond-

ing uncolored supercharacter theories, and define

&sp={x": n€SP(N)},
which we naturally equip with the pointwise convergence topology. The projections {P"*1},cn
allow us to identify SP(N) with the inverse limit

= @lSP(n)

neN

endowed with canonical projections { P, },cn and equipped with the inverse limit topology, for
which the family of all cylinders is a topological basis of clopen sets; we observe that for every
m € SP(N) and every n € N the projection P,(7) is defined to be the unique set partition of [n]
having

D(P,(n)) = {(i,j) €D(m): 1<i<j<n}

as its set of arcs.
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Proposition 6.3.4. The inverse limit SP(N) = @neNSP(n) is homeomorphic to &gp.

Proof. Let (™),,en be a convergent sequence in SP(N) with limit point 7. According to the
uncolored supercharacter formula presented in Proposition 6.3.3, for every n € N the restriction

(X™)|n is fully determined by the set of arcs
Dy(m) ={(i,j) € D(n): i <n};

furthermore, we can choose jo € N such that (i, j) ¢ D, () for all i <n and all j > jo, and such

that

Consequently, the sequence (x*"),.cn converges to ™ in &gp.
Conversely, let (™" )nen be a convergent sequence in &gp with limit point %%, and let
(i,j) € D(P,(m)) for n € N. Then,

lim ™ (K(; j)) = x" (K j)) = —

Mm—o0 g—1’
and as a consequence of the uncolored supercharacter formula, we conclude that there is an
order my € N such that (i, j) € D(zx™) for all m > myg; hence, D(P,(x)) C D(P,(n™)) for all
m> 0.
Finally, assume that for every my € N there is m > mq such that D(P,(x)) # D(B,(n™)).
Then, the finiteness of {(i,j): 1 <i < j < n} allow us to choose a subsequence (7'),,cn of
(") men such that

D(Py(7)) # D(Pu(m™)) = D(Pu(7+1)).

For every (i, j) € D(P,(n"))\ D(P,(7)) we have

1" (K(i,j)) = lim g™ (K; jy) =

1
M—yoo g—1’
which implies that (i, j) € D(P,(x)), a contradiction. Therefore, we conclude that for every

n € N there is mg € N such that P,(n™) = P,(r) for all m > mg, which means that the sequence

(1) men converges to 7 in SP(N), and this establishes the desired homeomorphism. O
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6.3. The group U..(FF,)

The action of the infinite symmetric group S on N induces a natural action on SP(N) ~ &gp,
and thus we may consider the set .Zs_(&sp) of Sw-invariant measures on &gp, equipped with

the weak*-convergence topology, and this defines a family of superclass functions of U.(Fy).

Proposition 6.3.5. There is an homeomorphism between .#s. (Esp) and the Gibbs measures on
the Kingman graph K. Furthermore, this homeomorphism induces an affine homeomorphism

between S.-invariant probability measures on &sp and probability Gibbs measures on K.

Proof. Let M be a S.-invariant measure on &gp. Then, M is fully determined by its values on

cylinders; for every w € SP(n) and every 7 € S,, C S we have
M([],) = M(c-[],) = M([z-7])
and thus for every A € Y,,, we may define
Mo(2) = |S,-7| M(im)) = dim(A)M(l,). 7€ oy

We claim that {M,,},,cy is a coherent system for K: for every A € Y,, and every & € 0, we

evaluate

M,(A) = dim(A)M([x],) =dim(A) ) M([6]w1)
ce(PI) ) (x)

1
dim(p)

=dim(1) ) (Ge( Y Mn(u))

HEY ;1 P~ (m)Noy
_ oy dmid
”eYnJrl dlm('u)

dim(A, 1) My ().

Conversely, suppose that {M, },cn is a coherent system for K. For every @ € SP(n) we

define
1

M(|7|,) = —F—M,
Since {M,,},cn is a coherent system, it follows that for every 7w € SP(n)

1 dim(2)

A), if T e€oy.

M) = G, & dim(u) o) M)
> (Z dim(?t,,u)M([G];J)

HEY, 1 \NOCoy

- ¥ (06( L M(ol)

HEY i1 PO (m)Noy

= Z M([G]n+1)7

oe(F) ! (n)
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Chapter 6. The infinite unitriangular groups in positive characteristic

and hence M is in fact a measure, and S..-invariant by construction.

It is clear that the above maps {Sw-invariant measures} — {coherent systems} and
{coherent systems} — {Sw-invariant measures} are inverses of each other, and thus it only re-
mains to show that they are continuous.

Since &gp ~ SP(N) is realized as an inverse limit, a sequence (M™),,cn Of Se-invariant
measures converges to M if and only if M™([x],,) — M([n],) for all n € N and all = € SP(n).
For every m € N, let {M' } ,ciy be the coherent system with Gibbs measure M"™ associated with
M™, and let {M, },cn be the coherent system with Gibbs measure M associated with M. For
every n € N and every m € SP(n) with @ € 0, we have

lim M™([2],) =M([x],) <= lim (dim(A)M"(A)) = dim(A)M,(A),

n—yoo m—se0 n

and thus (M™),,cry converges to M if and only if (M™),,cn converges to M, which means that
M., (Ssp) is homeomorphic to the space of Gibbs measures on K.

The last assertion of the proposition is now clear. [

In this fashion, the Kingman simplex A can be identified with the indecomposable S..-
invariant superclass characters in &gp. For every o € A, with corresponding S.-invariant mea-
sure M%, the representation theoretical meaning of the values M%*([x],) are not clear. Never-
theless, it is possible to get a glimpse of the behavior of the superclass function y* associated
with a. The superclass character y is fully determined by its restrictions {(x %), }»en; on the

other hand, for every n € N, the restriction (x%), is given by

(x“)m:/gsp(x")ndM“: y / (X°)|0 dM®.

7eSP(n) ” [7ln
Therefore, we focus our attention to the values of the last integral.

Firstly, we define the set of rows of a set partition 6 € SP(N) to be the set
1° ={i e N: (i,j) € D(o) for some € N},
and we notice that the values of (}°) in are completely determined by the set
{(i,))eD(o): 1 <i<n<j}.
Let © € SP(n) be arbitrary, and define

SP* = {6 €SP(N): (i,j)eD(0) = 1<i<n<j,i¢I"};
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6.3. The group U..(FF,)

accordingly, for every o € [n], there is a unique oy € SP7 such that

D(oy)) CD(6) and  (X%)u= (A ®)n;

where /0y € SP(N) is such that D(7/0p) = D(7) UD(0p). In virtue of the factorization of

supercharacters, it follows that
X = X" (X s

and thus
/{](% )Pldbfx—‘x L/‘ 0b|ndﬂla
tln

For every o, 0’ € SP7 the equality 1° =1 ° holds if and only if (x°) n=(X o) in- Let us consider

the equivalence relation on SP7 given by

o~o = [°=]",
and let V™ = SP7 / ~ denote the set of equivalence classes. For every v € V" and every o € v we
set X" = (X°) s> and let ng be the smallest positive integer satisfying (i, j) € D(0) = j <ng.
Then,

/m X pdM* =Y 2"y M%([o

vev?® ocy
and thus we obtain the following (rather unpleasant) relationship between x % and the values of

M on cylinders:

@)=Y Y Y Fx(eM*([cl), g€ UiFy).

nESP(n) vEVT GEY

A brief note on some combinatorial aspects

Let NCSym denote the R-algebra of symmetric functions on an infinite number of non-commuting
variables X = {xy,...,xp, ...}, that is, the algebra of formal power series over X which are invari-
ant under permutation of the variables (for more details see [81] and references therein). For
every 1 € SP(n) the non-commuting symmetric monomial function my is defined as the sum of
all monomials of length n over X where the variables in each monomial are equal if and only if
the corresponding positions lie in the same block of 7. The set of all such monomials is linearly

independent and NCSym is linearly spanned by {my: & € SP(n), n € N}.
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Chapter 6. The infinite unitriangular groups in positive characteristic

On the other hand, denote by &, the uncolored supercharacters of U,(F,) and by SC, the

R-linear span of &, and let

SC = PSCy;

neN
for every w € SP(n) let kr : U,(IF;) — R be the function defined for every g € U,(F, by

1, ifge Ky,
kx(g) =
0, otherwise.
It is clear that {kz: m € SP(N)} forms a basis for SC. In [1] both SC and NCSym where
equipped with a Hopf algebra structure, and it was proved that the mapping k; — my defines

an isomorphism of Hopf algebras (the exact Hopf algebra structure on both SC and NCSym is

not relevant in the discussion that follows).

The combinatorial relationship between SC and NCSym yields a parallel with the represen-
tation theory of the symmetric groups: let Irr(S,) denote the set of irreducible characters of S,

and let R, denote the R-span of Irr(S,). Then, the set

R=PR,

neN
can be equipped with a Hopf algebra structure which is isomorphic to the R-algebra Sym con-
sisting of all symmetric functions on infinitely countable commutative variables. For this rea-
son, the uncolored supercharacter theory fo U,(IF,) may be seen as a “non-commutative ver-
sion” of the irreducible character theory of §,,.

Furthermore, one can consider a different product on SC (related to the product of the Hopf
dual SC*) and its relationship with the superbranching graph of U.(IF,) (details can be found
in [8]) is an analogue of the relationship between Sym and the Young graph, which is the
branching graph of S.. (for a detailed discussion on the subject we refer to [25]), stretching the
aforementioned analogy.

The most natural way to relate NCSym and Sym is via the projection map p : NCSym —
Sym which simply allow the variables to commute. While p is well understood in terms of
combinatorics (see [81]), its representation theoretical meaning is not clear.

However, if m; is the monomial symmetric function on commutative variables associated

to A € Yy, [81, Theorem 2.1] implies that for every 7 € 0

p(myz) = dim(A )m;,
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6.3. The group U..(FF,)

which should, not only explain how S.-invariant properties on the superbranching graph of
Uw(F,) are translated into the Kingman graph, but also provide some more knowledge on the
representation theoretical nature of the map p.

This facts, together with the Hopf algebra isomorphism given by k; — mj suggest that, for
every & € A, the values of the corresponding coherent system on cylinders describe the values
of the restriction of x* to U,(F,) in terms of the basis {kz: @ € SP(n)} rather than its values

on the uncolored supercharacter basis; further analysis is required.

We strongly believe that the understanding of such combinatorial aspects would bring a rich
knowledge both combinatorial and representation theoretical, and thus more investigation is

required.
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